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A hybrid approach to approximate the Pareto front of the MOST
problem
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Abstract. This study introduces a hybrid NSGA-II algorithm with Multi-VNS for approximating the
Pareto front of the multi-objective spanning tree (MOST) problem, building on recent approaches
that have adapted NSGA-II combined with local search heuristics. By exploiting the property that
a spanning tree is acyclic and that the addition of an edge generates a unique cycle, our mutation
operator adds edges to a given spanning tree 1" of a connected graph G, thereby reducing the size of the
MOST problem. By applying the exact mutation operator with low probability, this reduced problem
is solved, producing a set of mutant solutions. The NSGA-II selection operator then approximates
the Pareto front, which is further refined by a Multi-VNS metaheuristic to balance diversification
and intensification. Comparative experiments with both exact and approximate methods demonstrate
promising results.
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1. Introduction

Multi-objective optimization problems aim to identify efficient solutions that consider multiple,
often conflicting objectives. One prominent example is the Multi-Objective minimum Spanning
Tree (MOST), which is applied in various systems like communication networks, electric power
systems, drainage systems, physical systems design, reducing data storage, cluster analysis.
The authors in [17] applied a MOST approach under uncertainty conditions to optimize the
distribution of petroleum products.

Several studies highlight the effectiveness of evolutionary and hybrid metaheuristics in ap-
proximating Pareto fronts for complex multi-objective problems. For example, [4] shows how
advanced evolutionary algorithms can capture trade-offs among conflicting objectives using
real-world data, underscoring the relevance of hybrid strategies for the MOST problem.

The MOST problem is well known to be NP-hard [5], making exact methods impractical for
large instances. Consequently, approximate methods have been developed to produce a Pareto
front that closely approximates the exact front for the MOST problem, providing feasible solu-
tions within reasonable time frames.

We consider an undirected connected graph where each edge has an associated cost-vector of
dimension r > 2. A cost-vector Z of dimension r dominates another cost-vector W of the same
dimension, if Z is at least as good as W in all dimensions and they are not equal. In this case,
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a spanning tree T of G is Pareto optimal if its vector weight is not dominated by any vector
weight of another spanning tree of G. The image of the Pareto optimal set forms the Pareto
front set.

The main objective of this paper is to present a method for generating non-dominated points
for the MOST problem that can effectively approximate the Pareto front set. The proposed al-
gorithm, which combines the strengths of NSGA-II and "Variable Neighborhood Search" (VNS)
[15], is referred to as the HMOST-Algorithm. The algorithm utilizes a two-point crossover op-
erator and a k — opt procedure as a mutation operator with a low probability. Subsequently, the
VNS algorithm is used to refine a subset of points on the Pareto front generated by NSGA-II.
Computational experiments demonstrate that the HMOST-Algorithm outperformes previous
methods in terms of speed, scalability in solving instances with complete graphs of more than
200 nodes, and its ability to discover both supported and non-supported spanning trees.

The rest of the paper is organized as follows. Section 1 provides the basic concepts and
notations used throughout this work. The procedures of the proposed HMOST-Algorithm are
reported in Section 2. Section 3 reports numerical experimentation performed on instances
described in [20] and other randomly generated instances. Finally, Section 4 concludes the
study.

2. Background concepts

Consider a simple connected and undirected graph G = (V, E) of order n, V' = {vy,v,...,v,} is
a set of vertices and E = {e1, ez, ..., e, } isaset of edges. Eachedgee; € F, withi € {1,...,m},
is valued by a cost-vector c(e;) = (cir), k € {1,...,7}, r> 2.

Example: Consider a connected undirected graph with 6 vertices and 13 edges, where each
edge is weighted according to three criteria. = The mathematical model associated with the

A (031) g

Figure 1. A connected graph.

MOST problem is expressed as follows:

Min Ck(m):Zcikwi7 ke{l,...,r}
i=1
T, =n—1,
(P) ; (1)
> owi<|S|-1, VS CV,S#0
e, €E(S)
x; € {0, 1}, vie{l,...,m},

where © = (2;)ie(1,....m}, ¥ = 1 if the edge e; € T, and x; = 0 otherwise. E(S) is the set of
edges of the subgraph induced by S, S C V.
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Let T' C E a spanning tree of G. The cost-vector of T"is given by Cx(T) = >_, cpcik, k€
{1,...,7}. We denote C(T') = (Ck(T))ke{l,..,,r}-

- The vector C(T') dominates another vector C(T") if Cy(T) < Cp(T”) for all k € {1,...,r},
and Cy,(T) < Ck,(T") for at least one index ko € {1,...,7}.

- T is efficient if there is no spanning tree 7" of G such that C(T”) dominates C(T).

- For any efficient spanning tree in the decision space, there is a corresponding non-dominated
point in the criteria space. However, multiple efficient spanning trees can correspond to the
same non-dominated point. The set of all efficient spanning trees is called the Pareto optimal
set and the corresponding set of non-dominated points is called the Pareto front set. Let T the
following set of edges: T = {e € E : e ¢ T}. For each edge e belonging to T, the set of edges
T U {e} contains a unique cycle p. and the set B = {j.,e € T} constitutes a cycle-basis of the
graph G.

3. Related work

The multi-objective spanning tree problem has attracted much interest due to its practical ap-
plications in various fields. Researchers have developed numerous algorithms and heuristics to
tackle this problem, ranging from exact methods like branch-and-bound and dynamic program-
ming to approximate approaches such as genetic algorithms and multi-objective evolutionary
algorithms. The challenge lies in balancing the trade-offs between different objectives to find a
set of Pareto-optimal solutions that provide decision-makers with a range of trade-off choices.
Furthermore, the complexity of the problem increases with the size of the graph and the number
of objectives, making it a rich area for ongoing research and development.

In [22], an adaptation of the Genetic Algorithm (GA) is developed for the bi-objective min-
imum spanning tree problem using Priifer number encoding [12], along with an early version of
the Non-dominated Sorting Genetic Algorithm (NSGA) for giving out Pareto optimal spanning
trees as closely as possible to the ideal point. To evaluate the performance of their adapted
GA, the authors also proposed an algorithm intended to enumerate all Pareto-optimal span-
ning trees. However, [16] points out that this enumeration algorithm is incorrect and criticize
it for failing to accurately compute the non-dominated solutions. They propose corrections and
improvements, including a new enumeration method and an enhanced non-generational genetic
algorithm for the MOST problem using a novel crossover operator (Dislocation Crossover) and
a niche evolution strategy.

In [14] a novel genetic algorithm for the MOST problem is proposed while preserving the

topoligical propreties of the graph. We note that algorithms [14, 16] have been tested on small
graphs with two and three criteria. A particle swarm algorithm to solve problems with more
than two objectives is presented in [13], but no experimental results are provided.
The authors in [8] introduce a Knowledge-based Evolutionary Algorithm (KEA), which demon-
strates superior performance compared to the "Non-Sorting Genetic Algorithm" (NSGA-II) [9]
algorithm in terms of both spread and the number of solutions identified. They initialize the
population by leveraging extreme points to create an elite set of parents. Subsequently, the
algorithm employs knowledge-based mutation exclusively to explore and uncover the remaining
solutions on the Pareto front. A marking scheme is suggested to mitigate the reproduction of
identical solutions and avoid dominated regions within the search space.

The study in [19] explores how local search techniques can enhance the overall effectiveness
of NSGA-II for tackling the MOST problem, yet it lacks a comparative analysis against other
existing methods in the literature. The authors evaluated the performance of three general-
purpose local searches (Pareto Local Search, Tabu Search and Path Relinking) adapted to
the multi-objective approach. Experimental results particularly with two and three objective
functions, show that incorporating Pareto Local Search (PLS) in NSGA-II (NSGA-II+PLS)
provides better performance.
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To the best of our knowledge, these last two methods described above represent the most
recent approximate approaches capable of handling more than two criteria and finding supported
and non-supported Pareto solutions for large instances. This strongly motivated us to use them
as references in our comparative study.

The survey presented in [11] reports the outcomes of a computational experiment featuring

complete and grid graphs. It analyses the distinctive characteristics of each algorithm and
evaluates the computational resources required to solve the instances.
Several exact methods have been proposed to solve the MOST problem. One such method,
proposed in [3], generates all non-dominated points for problems involving at least two criteria.
This branch-and-bound algorithm involves two main steps: (1) separating edges shared by at
least two cycles, which allows the formulation of constraints as linear equalities, and (2) adding
sub-cycle elimination inequalities to prevent cycles. Each branch of the search tree generates
a multi-objective linear program with binary variables (M OLBP), representing the MOST
problem at that branch.

The method in [6] targets only the supported solutions of the MOST problem. It begins by
finding a lexicographical solution, then uses a neighborhood search starting from this optimal
solution to identify the remaining supported spanning trees and their associated indifference
regions. The study in [1] proposes a two-phase algorithm for the bi-objective minimum span-
ning tree problem. The first phase identifies extreme supported efficient solutions by combining
mathematical programming with algorithmic techniques. The second phase identifies the re-
maining efficient solutions through a recursive edge interchange process, utilizing ascending
non-zero reduced costs from weighted linear programs.

The method in [18] redefines the MOST problem as a One-to-One Multi-Objective Shortest
Path (MOSP) problem, represented by a transition graph. The graph size is reduced using cost-
based pruning criteria, and the Implicit Graph Multi-Objective Dijkstra algorithm is applied
to solve the optimized MOSP instance, leveraging recent algorithmic advancements.

4. Description of the proposed method

One of the main reasons why population-based metaheuristics are favored over trajectory-
based metaheuristics in multi-objective optimization is that they work with multiple solutions
simultaneously, unlike traditional approaches that focus on a single solution. To address this
disparity, we propose using the front obtained during the NSGA-II search process as the initial
population for the VNS metaheuristic. The motivation for the hybrid algorithm is to combine
the strengths of both methods to improve optimization performance.

Given the known convergence properties and limitations of NSGA-II, integrating the exact
mutation operator, as well as the Multi-VNS framework, enhances the search dynamics. Specif-
ically, this hybridization increases the algorithm’s ability to improve the density of solutions
along the obtained front and promotes more effective convergence toward the Pareto front. By
combining these algorithms, the hybrid approach achieves a balance between exploration and
exploitation, increases convergence speed, and improves the overall quality of solutions.

The proposed algorithm is outlined in the following procedures, describing the distinct steps
of our algorithm, called the HMOST-Algorithm.

4.1. Encoding scheme

Initially, each edge in the graph G = (V, E) consisting of n vertices and m edges, is assigned a
unique identifier or number. The direct encoding of a chromosome is a set of n — 1 dimension,
wherein each element represents the associated number of an edge in the corresponding spanning
tree. Priifer coding is an encoding method using a sequence of n — 2 natural numbers for a
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spanning tree as proposed in [22]. The authors in [16], point out that the direct encoding is
better and more efficient than Purfer-based encoding.

4.2. Starting population

The initial population, comprising s spanning trees, is generated through:

1- The optimal spanning trees corresponding to each criterion,

2- Random generation with weighted-sum method,

3- Applying Kruskal’s algorithm by randomly selecting edges of the graph G.

It is worth noting that the first two procedures exclusively produce supported solutions,
contrasting with the third, which specifically seeks non-supported solutions. Furthermore, this
approach consistently ensures the attainment of feasible solutions and a well-suited equilibrium
between individual quality and diversity.

4.3. Crossover operator

The reproduction process involves combining two individuals through the crossover operator.
This is achieved by randomly generating a number, denoted as p, within the interval [0,1].
Crossover occurs only if p < 0.80. In such instances, two-point crossover is employed:

Al, A2 A3

Al, A4 A3
Parent T1 —f———f— Child T3 ———4—
Parent T2 —f—— Child T4 —f——4—

Bl B2 B3 Bl B4 B3

Figure 2: 2-point crossover.

Two cut-points are randomly generated. The obtained offspring chromosomes do not corre-
spond necessarily to spanning trees. To overcome this infeasibility, procedures of rearrangement
of edges are introduced.

The two-point crossover is explained as follows, based on Figure 2:
Select edges of A4 in ascending order of the sums of costs in the set: T2U E'\ (A1U A3). Those
of B4 are chosen in ascending order of the sums of costs in the set: T1U E \ (B1 U B3).

4.4. Diversified mutation operator

The mutation is achieved as in the biological evolutionary process; its priority aim is to generate
better solutions in the sense of dominance. The diversity aspect is still present even in the case of
non-improvement. The mutation operator is applied to the offsprings of the current population
with a low predetermined probability pm = 0.20. The task involves creating a partial graph H
from an offspring T by adding k edges from E'\ T, k € {1,2,3}. Hence, H contains k cycles.
We then consider the subgraph L of H formed by only these cycles. The process of generating
mutated offspring by adding k edges is called k-opt mutation.
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Figure 3: Illustration of 1-opt (left): one edge added to form a single cycle L; and 2-opt
(right): two edges added to form two cycles building the subgraph L. Red dashed edges are
candidates added during mutation.

Applying the 1-opt mutation, the subgraph L is reduced to an elementary cycle pu. If p
contains a dominated edge e, we obtain a spanning tree of L. This results in a spanning tree
T in H, T' = E(H) \ {e}, where E(H) is the edge set of H. When we apply 2-opt mutation
and 3-opt mutation, the subgraph L has a reduced dimension compared to the initial graph G.
In these cases, we use our exact method, as described in [3], to generate all spanning trees in
subgraph L corresponding to non-dominated points. As with 1-opt mutation, we reconstruct
all non-dominated points for the partial graph H by sequentially adding the edges of H \ L
for each non-dominated points found previously. Unlike the 1-opt mutation, which is executed
with high probability, the 2-opt mutation and 3-opt mutation are executed with low probability
to minimize execution time.

Compared to standard heuristic mutations, this exact mutation operator ensures precision
and can yield higher-quality offspring. However, due to computational cost, 2-opt and 3-opt
are used less frequently.

Algorithm 1: k-opt Diversified Mutation

Spanning tree T', edge set I, parameter k the set of spanning trees 7° H <— TU random k edges from
E\T;

Identify subgraph L of H containing the k cycles;

k =1 Find dominated edge e in the cycle;

T' < E(H)\ {e}; Enumerate non-dominated trees in L using exact method;

non-dominated T, C L T <~ T, U (H \ L); the set of spanning trees T"

4.5. Dynamic selection operator

The selection operator starts by dividing the current population (with at least 2s individuals)
into dominance fronts. The first front consists of non-dominated individuals, and subsequent
fronts are formed by removing individuals from the previous front while maintaining non-
dominance. The new population is created by selecting individuals according to the dominance
order of the fronts. If additional individuals are needed to fill the population size s, individuals
from front F; (I > 2) are selected based on their "crowding" distance. If the first front is
sufficient to fill the population, the size remains dynamic, determined by the first front’s size.

4.6. Multi-VNS strategy

Using the set of spanning trees generated by the adapted NSGA-IT algorithm, labeled M ST,
and the set N D representing its non-dominated points, a Multi-VNS-based algorithm generates
neighboring solutions aimed at improving the set M ST in order to obtain the set NDgyrosT,
which contains non-dominated points for the HMOST-Algorithm. The NDgpros7 set is up-
dated according to the Pareto dominance relation, and the populations obtained do not nec-
essarily have the same size. The steps of the improvement by the Multi-VNS algorithm are
described as follows:
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- The set P(MST) is a subset of the efficient solutions constructed by the NSGA-IT algorithm,
randomly chosen and having a cardinality of 10.

- The set Ny, consists of neighborhood structures for & = 1,2,3. Given a spanning tree T' (where
T € P(MST)), k edges are randomly selected from E \ T and added to T'. Consequently, k
elementary cycles are created in the partial graph H, which is composed of the edges of T and
the k£ added edges.

Each neighbor of T, according to Ni, can be reached by changing exactly k edges, with each
edge belonging to a different elementary cycle of H.

Algorithm 2: Neighborhood Structure Ny

T: Spanning tree, E: Set of edges T': A neighbor of T

Randomly select k edges e1, ez, ..., e, from E\ T}

each selected edge e; Find the elementary cycle u(e;) in H =T U {eq, ..., ex};
Identify an edge f € T in the cycle p(e;);

Create T :=T\ {f} U{e:}; T"

Algorithm 3: Multi-VNS Procedure

P(MST): Set of spanning trees M ST, NDgyost: Sets of efficient spanning trees and associated
non-dominated points each solution 7" in P(MST) P(MST) := P(MST)\ {T};

a fixed number of iterations is not satisfied Randomly select a neighborhood structure Ny, with k =
1,2,3;

Generate a solution 7" using Ny;

C(T") dominates or equals C(T) T := T";

Update M ST and N D with respect to non-dominance; MST and NDgyost := ND

Algorithm 4: HMOST-Algorithm

G = (V,E): graph, C: cost-vector, s: population size, p: number of generations MST: efficient
spanning trees, N Dgnpost: non-dominated points Encoding scheme setup;
Generate starting population P;

Initialize generation counter iter := 0, Q := 0;

iter < p Apply crossover-repair operator on P, store offsprings in Q;

Apply diversified mutation operator to elements in Q; P := P U Q;

Apply dynamic selection operator using crowding distance to get next population L;
P:=L;

iter := iter + 1; Determine set ST(F'1) of trees in first front F'1 of P;

MST = ST(F1),

Extract P(MST) from MST;

Apply Multi-VNS to obtain M ST and NDgaosT;

MST and NDH]\/IOST

5. Computational experiments

The goal of this work is to show that the hybridization of the adapted NSGA-II metaheuristic
with an exact method used locally, coupled with Multi-VNS Strategy, is able to give a better
approximation of the Pareto front of the MOST problem than adapting a basic metaheuristic.

Parameter Settings: All experiments are conducted using MATLAB R2018a on a laptop with
an Intel Core i5 processor and 8 GB of RAM and run on connected graphs. The HMOST-
Algorithm uses the following parameters:
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Population size: s =100
Number of generations: p =150
Crossover rate: p=0.80
Mutation rate: pm = 0.20
Neighborhood structures in Multi-VNS: k£ =1,2,3
Stopping criterion (Multi-VNS): 20 iterations.

5.1. Comparison with the Pareto front

The first part of the experimental study is dedicated to the comparison between the Pareto
front approximated by our proposed method and the Pareto front of the problem instance. Let
NDpgpost be the set of non-dominated points produced by the HMOST-Algorithm, and let
a = %, where N D denotes the set of all non-dominated points. This ratio measures
how well the HMOST-Algorithm approximates the Pareto front.

5.1.1. Instances description and computational results

1- Benchmark instances [20]: the results presented in Table 1 show that our approximate ap-
proach, HMOST-Algorithm, is able to recover on average 81.83% of the globally non-dominated
solutions (i.e., those belonging to the Pareto front obtained by the exact method) in the three-
criteria case and 80.16% in the four-criteria case. Approximately 20% of the remaining solutions
are dominated.

Tests n m r=3 r=4
IND| |NDumost| a IND| |NDmmosr| o
b01 50 62 110 138 0.82 310 299 0.79
b05 50 100 712 946 0.80 923 1063 0.82
b07 75 94 340 377 0.83 402 410 0.80
b10 75 150 541 910 0.81 613 987 0.80
b13 100 | 125 101 120 0.84 304 412 0.81
bl4 100 | 125 87 103 0.81 283 318 0.79

Table 1: Comparison between Pareto front and HMOST-Algorithm for r = 3 and r = 4.

2- SPACYC-Based Instance Generator [21]: The benchmark instances used in this
study were kindly provided in the referenced article. We used 3 and 4 criteria with graphs
ranging from 5 to 14 nodes. For each n, graphs with m = n - d edges, where d € {5, 10, 15,20},
were generated. The cost vectors were independently drawn from a uniform distribution over
[0, 100].

Table 2 shows that HMOST-Algorithm identified 81, 7% of non-dominated points for 3
criteria and 81, 5% for 4 criteria in average.
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n r=3 r=4
IND] |N Dumosr| a IND| |N Damosr| e

5 16.65 18.30 0.83 29.30 38.03 0.83
6 42.90 58.08 0.89 118.60 124.44 0.84
7 92.10 112.00 0.81 269.65 285.62 0.83
8 135.15 160.71 0.80 661.60 622.67 0.79
9 256.80 245.56 0.82 1370.95 1404.47 0.81
10 458.20 508.10 0.82 3629.15 3283.79 0.86
11 549.10 601.12 0.81 5426.50 6971.32 0.85
12 910.05 920.96 0.81 | 10985.80 12437.51 0.79
13 | 1206.20 1034.67 0.80 | 14881.60 15509.83 0.80
14 | 1909.00 2102.32 0.78 | 24679.75 22368.53 0.75

Table 2: Comparison between exact Pareto front and HMOST-Algorithm for r =3 and r = 4.

3- Random instances: Graphs are generated using the Erd6s—Rényi model [10], where a
fixed number of vertices is defined and edges are added with a given probability p in which a
fixed number of vertices is specified and edges are added with a given probability p. The cost
vectors associated with the edges have dimensions 5 and 7, and their components are uniformly
distributed within the interval [—50, 100].

We can see that over 81% of non-dominated points have been found by the HMOST-
Algorithm. We considered it useful to conduct an experiment on randomly generated instances
in order to confirm the satisfactory results found previously, and indeed, the obtained results
in Table 3 show that HMOST-Algorithm manages to generate nearly 80% of non-dominated
points on average.

Tests | r | n m IND| INDunost| a

Testl | 5 | 20 | [46,55] | 74,80 307,20 0,81
Test2 | 5 | 30 [55,65] 930,30 980,50 0,79
Test3 | 5 | 50 [65,75] 1300,40 1612,06 0,77
Test4 | 5 | 100 | [125,130] 627,39 1031,02 0,82
Test5 | 5 | 300 | [325,340] | 1267,40 1560,46 0,78
Test6 | 5 | 400 | [425,440] | 3427,94 | 603648 | 0,80
Test7 | 7 7 21 342,10 485,00 0,80
Test8 | 7| 8 28 478,12 677,81 0,82

Table 3: Comparison between Pareto front and HMOST-Algorithm using random instances
with 5 and 7 criteria.

5.2. Comparison with approximate methods

Comparative studies with randomly generated instances of cost-vectors of dimensions two, three
and five, uniformly distributed in the interval [—50, 100] are carried out for the three algorithms.
The results are presented in Tables 5 and 6 respectively.

It should be noted that the number p of iterations is fixed as follows: 30 populations for the
adapted NSGA-II procedure, 20 for the Multi-VNS strategy applied to each solution 7' in
P(MST), and 50 for each of the KEA and (NSGA II+PLS) algorithms.
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Aspect HMOST KEA NSGA-IT + PLS
Chromosome encoding edge-set edge-set Priifer encoding
Extreme MSTs in the | yes yes yes

initial population

Crossover operator two-point crossover not used n-point crossover
Crossover probability 0.8 0 0.8

Mutation operator k-opt, kK = 1,2,3 | knowledge-based mu- | controller-random
solved by exact | tation mutation
multi-objective
method

Mutation probability <0.2 1 0.02

Hybridization strategy

NSGA-II + locally
exact method + VNS

NSGAGII + k-best

NSGA-II + Pareto
Local Search

Table 4: Comparison of algorithmic innovations in HMOST, KEA, and NSGA-II+PLS.

1 - Comparison using set coverage metric

This metric is used to compare two sets of potentially efficient solutions. The reference set,
denoted REF, represents the set of non-dominated points obtained by combining the solutions
from the two methods being compared.

The results are compared on average using the proportional measure to calculate the number
of obtained non-dominated points of a given method belonging to the REF set [7].

We denote by a; = (NDiN REF)/(REF) the proportion of solutions of the ND; set
belonging to REF set for i € {HMOST, KEA, NSGAPLS}, where NDgyost, NDixga and
NDnscapLs are the sets of non-dominated points obtained by HMOST, KEA-Algorithm and
(NSGA-II+PLS)-Algorithm), respectively.

For each problem instance, we compare the non-dominated points produced by the two

algorithms under evaluation.

Kn T |REF‘ |NDH]VIOST| aq INDKEAl Qa2
K80 | 3 | 1700,02 1453,25 0,88 989,05 0,25
K100 | 3 | 4428,27 4324,80 0,73 3843,50 0,28
K200 | 3 | 9238,91 7277,00 0,87 7986,24 0,31
K80 | 5| 3320,81 2878,10 0,86 2230,69 0,25
K100 | 5 | 8026,11 6695,08 0,83 4870,14 0,30
K200 | 5 | 10027,00 8783,60 0,87 6960,65 0,23

Table 5: Comparison between HMOST-Algorithm and KEA-Algorithm.

K, | r | |REF| | INDumosr| | a1 | [INDnsgarrs| | a3
K80 | 2 | 1528,43 1213,9 0,85 1001,31 0,32
K100 | 2 | 5034,13 4421,76 0,82 3843,50 0,29
K80 | 3 | 2616,77 2027,08 0,79 1109,65 0,38
K100 | 3 | 9123,45 7392,92 0,84 5769,23 0,31

Table 6: Comparison between HMOST-Algorithm and (NSGA-II + PLS)-Algorithm.

Each algorithm is executed ten times for all instances of the problem. Therefore, we have
found it useful to present in each row of Tables 5 and 6 the average results obtained across all
runs.

Notice that for all instances, the HMOST-Algorithm outperforms the KEA-Algorithm by
grabbing 84% and the (NSGA-II+PLS)-Algorithm by grabbing 83% from the set REF'. Hence,
it determines a greater number of solutions in the REF set compared to the KEA and (NSGA-
IT+PLS) Algorithms whose contributions are only 27% and 32% respectively.
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2 - Comparison using two performance metrics
To evaluate the quality of the approximated points, we rely on two widely used indicators: the
Hypervolume (HV') and the Inverted Generational Distance (IGD).

Hypervolume (HV) [23]: measures the volume of the objective space dominated by the ap-
proximated front with respect to a reference point Zyer (commonly Z,of = {O}k for k objectives).
It reflects both convergence to the Pareto front and solution diversity. A higher HV indicates
better performance.

Inverted Generational Distance (IGD) [7]: quantifies the average distance from each point
in the Pareto front N D to its nearest solution in the approximated set A. Defined as:

1/2
IGD(ND, A) = <|N1D| > d§> . (2)

seND

where d; is the Euclidean distance between s € ND and its closest point in A. Lower IGD
values indicate better convergence.

a - Comparison with the Pareto front

Instance Hypervolume (HV') IGD
KEA  NSGA-II+PLS HMOST | KEA NSGA-II+PLS HMOST
Test4 45037 43572 67001 0.42 0.55 0.23
Testd 108786 127659 138716 0.87 0.76 0.38
Test6 442700 413215 603604 1.25 1.32 0.60

Table 7: Comparison of algorithms on Hypervolume (HV ) and IGD indicators.

In order to assess the convergence of the obtained Pareto fronts of the three methods to
be compared towards the Pareto front, we computed the HV and IGD metrics values. The
obtained results are resumed in Table 7. It is obvious that the obtained values HV and IGD
of each instance using HMOST-Algorithm are better than those obtained by the other two
algorithms.

b - Comparison with reference set

Instance | r Hypervolume (HV) IGD
KEA NSGA-TI+PLS HMOST | KEA NSGA-II+PLS HMOST
K50 3 9.71 9.66 9.87 0.74 1.07 0.39
K100 3 39.02 40.75 41.78 2.73 2.18 0.69
K200 3 82.97 83.32 88.99 9.50 10.54 3.53
K50 4 | 5869.6 5596.8 7326.2 2.30 6.41 1.82
K100 4 | 86807.1 82412.5 93812.2 7.30 9.84 3.79
K200 4 | 85955.4 82399.7 98077.1 4.75 6.12 2.77

Table 8: Comparison of algorithms on HV and IGD indicators (values in 10° for HV ).

Table 8, for both 3-objective and 4-objective instances, HMOST-Algorithmachieves the best

performance in the majority of the tested cases. These results demonstrate the strong ability
of HMOST-Algorithm to generate high-quality Pareto fronts with both better convergence and
distribution, especially as the problem size and number of objectives increase.
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6. Conclusion

This study aimes to provide a comprehensive depiction of the Pareto front for the MOST prob-
lem. To address this, we introduced the HMOST-Algorithm, which operates in two distinct
phases. Initially, the hybrid approach combines the NSGA-II algorithm that uses locally an
exact mutation operator to obtain the first Pareto front. In the second phase, we apply the
Multi-VNS Strategy to improve a subset of the previous obtained solutions . By leveraging a spe-
cialized mutation operator together with the the Multi-VNS Strategy, the HMOST-Algorithm
becomes a flexible optimization framework capable to controlling both phases through prede-
fined probabilities.

A comparative study demonstrated that, on average, the proposed HMOST-Algorithm iden-
tifies nearly 81% of the non-dominated points. This confirms that the generated front closely
approximates the Pareto front. In addition to overcoming the inability of the exact method
to solve large instances, given the explosive complexity of the MOST problem, the proposed
algorithm also demonstrates excellent performance compared to the KEA and (NSGA-II+PLS)
algorithms in comparative studies on complete graphs with up to 200 nodes and cost-vectors
with dimensionalities between 2 and 7.

Considering the experimental results, the HMOST-Algorithm consistently achieves lower
IGD values, indicating stronger convergence toward the Pareto front. Additionally, it obtains
higher HV values, reflecting better diversity and distribution of solutions across the objective
space. This indicates that the Pareto front approximated by the HMOST-Algorithm is closer
to the Pareto front and exhibits broader coverage compared to those obtained by the two cited
algorithms, which, to the best of our knowledge, are the most recent available methods. How-
ever, while the algorithm performs well on graphs of up to 200 nodes, the computational cost of
the exact k-opt mutation and Multi-VNS steps could become a bottleneck for very large-scale
graphs (e.g., 1000+ nodes). Moreover, although KEA and NSGA-II+PLS are relevant bench-
marks, additional recent multi-objective metaheuristics (e.g., NTGA2, theta-DEA, MOEAD)
were not included in this comparative analysis. To further enhance the HMOST-Algorithm’s
scalability, it is advisable to explore parallelization of the exact mutation and Multi-VNS proce-
dures. Additionally, investigating approximate k-opt variants or incorporating surrogate mod-
eling techniques can help reduce the computational burden associated with large neighborhood
structures.
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