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Abstract. This paper is devoted to global optimality conditions for quadratic optimization problems
in a real space of dimension n. More precisely, we are concerned with nonconvex quadratic optimization
problems with linear constraints. We present some sufficient conditions of global optimality for such
problems subject to linear equality and inequality constraints. We prove that when the set of Karush—
Kuhn—Tucker triplets of this problem is convex, then a local minimizer is global.
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1. Introduction

Nonconvex quadratic optimization with linear constraints is a problem of minimization of non-
convex quadratic function subject to linear equality and inequality constraints. This problem
is important in mathematical programming, and it has numerous applications in diverse fields
of science and technology, see [11, 12] for more explanations. It is well known that any local
minimum is global for a convex quadratic optimization problems, for more results on this topic,
we refer the readers to Stephen Boyd and Lieven Vandenberghe [2] and Jorge Nocedal and
Stephen Wright [8]. In general, a local minimizer may not be a global minimizer.

In this paper, we present some global optimality conditions for a nonconvex quadratic func-
tion subject to linear constraints. This problem is an NP-hard global optimization problem,
see [7, 9, 10]. In [5, 8], the authors showed that, for some quadratic optimization problems
with linear equality constraints, if the Jacobian matrix of its equality constraints has a full-
row rank and the Hessian matrix of the Lagrangian is positive definite on the null space of
this Jacobian matrix, then there is a single global minimum. Without using this condition,
we establish alternative theorems to certain global optimality problems, and we present global
optimality conditions of a quadratic optimization problem with linear equality and inequality
constraints. We prove that, if the set of Karush-Kuhn-Tucker (KKT) triplets is convex, then a
local minimizer is global.

The outline of this paper is as follows. In the Section 2 we present notations and defini-
tions, which include the firs—order and the second—order necessary optimality conditions for
a quadratic optimization problem with linear constraints either equality or both equality and
inequality. The main results are stated and proved in the Section 3. In the Section 4 we val-
idate the obtained results by applying our approach to an example of quadratic optimization
problems. Finally, conclusion is given in the Section 5.
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2. Preliminaries and definitions

Consider the following quadratic optimization problem with linear equality constraints

: _ 1 T T
min ql@) = goQr—ciz, (P1)

s. t. Ax =0,

where z € R", Q € R"*", is a symmetric indefinite matrix; 27 denotes the transposition of ;
A is an m by n real matrix with m < n, b is a constant vector of R™, c is a constant vector of
R™ and

F={zeR": Azx=1},

the feasible set of problem (P1)

Recall that «* € F is a local minimizer, for problem (P1), if and only if * satisfies first-order
and second-order necessary optimality conditions of Karush—Kuhn—Tucker, see for instance
[1, 3]. So x* is a local minimizer for the problem (P1), if and only if there exists a Lagrange
multiplier \* € R™, satisfies

VoL(z*, \*) = 0, (1)
VaL(z*,\*) = 0, (2)
d'Qd >0 Vd e Ker(A), (3)

where the Lagrangian function
L(z,\) = q(z) + AT (Az —b),
is defined on R™ x R™. V., V, denotes the gradient with respect to x and A, respectively and
Ker(A) = {z e R": Az =0}.
This leads, in particular, to the following first order optimality conditions
Qz* + ATX = ¢, (4)
Az* =b. (5)

Definition 1. A KKT pair for the problem (P1) is a pair (x,\) € R™ x R™ satisfying the
equations (4) and (5) and x is called a KKT point of problem (P1).

The set of the KKT pairs for the problem (P1) is denoted by Kx.
Consider next the following quadratic optimisation problem with linear equality and in-
equality constraints:

: 1 T T
min  g(z) =507 Qe -z,

s. t. Ax =0,
2; >0, Vie{l,2,...,nh

(P2)

The feasible set of this problem is denoted by
A={zeR"|Az=0b, z; >0, i€{1,2,...,n}}.

The Lagrangian function is defined, on R™ x R™ x R™, by

1 n
Lz, A\, 1) = §a:TQm — e+ 2N (Az —b) - Z Wi
i=1
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It can be seen that the problem (P2) is reduced to the problem (P1), when there is no inequality
constraints.

A feasible point T € A is said to be a KKT point (or a stationnary point for the Lagrangian
function £) of the problem (P2), if 7 satisfies necessary first-order optimality conditions of
Karush-Kuhn-Tucker and there exists Lagrange multipliers (A, z) such that

QT —c+ATXN -1 =0,
AT = b, (CN1)
52207ﬁ1207ﬁ1TZ:Oa VZ:1,2,,TL
Let I(Z) = {i € {1,2,...,n} : T; = 0} be the index set of active constraints. We put
M@) ={ie{1,2,....,n}: @; >0} CI(T),

Recall that a triplet (¥, \,7i) satisfy the strict complementarity condition if M (%) = I(Z).
Let
TA(@)={deR" | Ad=0; d; >0, VieclI(T)},
be the tangent cone to A at T and let C(T) = Ta(ZT) N V,q(T)* be the critical cone. One has
CT)={deR"| Ad=0; d; >0, ViecI(T) and d; =0 for @, > 0}.

A KKT point T € A satisfies necessary second-order optimality conditions if the following
conditions holds:
d'Qd > 0 VYdeO) (CN2)

Definition 2. A KKT triplet for the problem (P2), is a triplet (x, A\, pn) € R™ x R™ x R"
satisfying the conditions (CN1) and x is called a KKT point of problem (P29.

The set of the KKT triplets for (P2) is denoted by Ka.

In general, the set I is not a convex set.
Definition 3. Let J C {1,2,...,n}. The pseudo-face A is the subset of /\ defined by [6]
Ny={zeA|z;=0,j€J;2; >0,j€{1,2,...,n}\ J}.

By Contesse [3], it is well known that the conditions (CN1) and (CN2)are necessary and suffi-
cient conditions for local optimality conditions for this problem.

For (P2), the most difficulty is that the local optimality does not imply the global optimality
in general, but we will see that this implication holds in a special case. In the next section, we
propose a global optimality criterion for this problem.

3. Mains results

In the following lemma, we present a first global optimality condition for the problem (P1)
Lemma 1. For the problem (P1), every local minimizer is a global minimizer.

Proof. Let & be a local minimizer for (P1, ) is an associated Lagrange multiplier vector and
x be a feasible point for this problem (satisfying Az = b). Then, by using the second-order
Taylor expansion and the Hessian of the Lagrangian function, we have

(@) = D %) = L@ X) + VoL@ ) (@ — ) + 3 (@~ 2)7Q(a — 7).
As L(z,)) = q(), (VLL(Z,\) = 0 and (v — Z) € Ker(A), so from equation (3), we have that

q(z) > q(7).
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The set r is a convex set and has two properties listed in the following lemma.
Lemma 2. We have
L (y-2)TQy—2) =0 W(z. ), 1 \)} C Kx,
2. The objective function q is constant over Kr.
Proof.
1. By applying (z, ;) and (y, A,) into (4), we have
Qr—c+ AT), =0, (6)
Qy—c+ATN, =0. (7)
Furthermore, by subtracting these equations, we obtain an expression of the form
Qy =)+ AT (A = Ae) = 0.

Then we have

(y—2)7Qy —2) + (y — 2)T AT (A — As) = 0. ®)
By applying = and y into (5), we have
Ay = b, 9)
Ax =b. (10)
From these equations, we deduce that A(y — z) = 0. So, we obtain

(y—2)"Q(y —x) =0.

2. Using the second-order Taylor expansion and the Hessian of the Lagrangian function of
(P1), we get
a(y) = Ly Ay) = L(@, Xe) + Vo L(@, X) " (y = @) + 3y —2)TQy — ).
Since (y —2)TQ(y —z) =0 V{(z,\s), (¥, \y)} C Kx. So, it follows that g(x) = q(y).

O

We are able now to prove the following theorem of alternatives for quadratic programming
with linear equality constraints.

Theorem 1. Suppose that the objective function q is not constant on the feasible set F, then
for the problem (P1), only one of the following conditions is satisfied.

1) The objective function q has no lower and no upper bound on the feasible set F.
2) Every KKT point is a global minimizer.
3) Every KKT point is a global mazimizer.

Proof. )
Leta—lnf{ 2TQr — Tz : Az = b} andﬂ—sup{ xTQx—c x: Ax =b}.
Suppose that the item 1) does not hold. This means that o or 3 is finite.
i) Suppose that « is finite, by Frank-Wolfe Theorem [4], the problem (P1) admits a global

minimizer Z which is a KKT point and X is the Lagrange multiplier associated. For any
other pair (z*,\*) € Kz, we obtain ¢(Z) = ¢(z*), from Lemma 2.
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i) Suppose that S is finite. In the same way, we prove that every KKT point is a global
maximizer.

iii) If o and g are finite. From Lemma 2 we have that « = 8 and q is constant. Thus this
case is excluded.

O
Now, we extend the previous results for the problem (P2).
Theorem 2. Suppose that the set Ka of KKT triplets is convex, then
1) @-2)TQ@-a) =0 v {(@X) (@A p)} € Ka
2) the Lagrangian function L and the objective function q are constant over Ka .
Proof. Let (Z,\, 1) and (z*, \*, u*) in Ka,

1) From the convexity of the set Ka of KKT triplets and the complementary condition, we
get, for every t € [0, 1]

HT, A1) + (1= 1) (@™, A, 1) =
=T+ (1 —t)z*, tA+ (1 — )\ tm+ (1 — t)u")
= (x, /\,,u) € Ka.

Let i € {1,2,...,n} and t € [0, 1], we have

0= paws = (07 + (1= ) (0T + (1 = t)a7) = t(1 = ) (w7 + piTs).

We obtain
mxr = ;T =0 Vi=1,2,...,n. (11)
Since z* and T satisfies
QT+ AT -7 =, (12)
Qr* + ATXN — =, (13)

by substituting (13) into (12) gives us one equation
Q@ —a") +AT(A = \) — (A —p*) =0.
which is equivalent to
Q@ —a") = -AT A= X)+7—u"
Multiply (T — «*) by this relation, we get
@—-a")'QE@—a") = —@—a") AT = \) + @ —a")" (7 — p").
Since (7 — 2*)T AT = (A(z — 2*))T = 0, we have from this equation that

n

@ —2")'Q@—a") ==Y (@in] +aiM). (14)

i=1
and, from equation (11), we obtain

T —2)7'Q@ —2%) =0. (15)
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2) From second-order Taylor expansion of the Lagrangian function £ with respect to z, we
get

- - - 1
LA = L@ A0) + VoL@ AR (27 =7) + 52" - 7)7 Q" —7)
From (CN1) and (15) we have

L(z*,\ 1) = LT, A\ ) (16)
Since
* N —) 1 «T * T * - *—
ﬁ(xaA,ﬂ)*ix QZL’ —Ccx 7;:['1:”’1
and .
L(T,\T) = 5TTQx — 'z

Using equations (11) and (16), we get
1

T 1 o, _
ix* Qz* —cTa* = §:cTQx — 'z,

and q(z*) = q(7).
O

Corollary 1. If a subset K of Ka is convex, then the Lagrangian function L is constant over

K.

Next, we give a criteria for the convexity of the set of KKT triplets . We begin with a
first result concerning the sufficient conditions for the convexity of Ca.

Proposition 1. Suppose that one of the following conditions holds:
1) d¥Qd >0 Vd € Ker(A).
2) I(x) =I(z*) ¥V (T,\0), (@, u*) € Ka.

then the set Ka of KKT triplets is convex.

Proof. 1) Suppose that 1) holds and let (Z, A7) and (2, \*, p*) in Ka. We shall prove
that, for every ¢ € [0, 1], t(Z, A\, ) + (1 — t)(z*, \*, u*) € KA. Tt is sufficient to prove that
the complementary condition holds. Since T — z* € Ker(A),

@ —2)TQ@—2*) > 0
and from equation (14), we have

n

QU 4%) = -3 i 4417 < 0.
i=1

This means that
@ —2)TQ(T —z%) =0.
So m;uf +xip; =0 Vi=1,2,...,n.
From this condition, we have
(71, + (1 = D) (17 + (1 — t)a}) =t — (e} +piT) =0 Vi, Ve 0,1,
We deduce that

HZ, o)+ 1 =t)(z", A", u") € Ka Vit elo,1].
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2) Suppose that 2) holds and let (@, A\, ) and (z*,\*, p*) in KA. We shall prove that, for
every t € [0, 1], then t(Z, A\, ) + (1 — ¢)(a*, A*, u*) € Ka.
Since I(Z) = I(x*) then, we have
Tipr =xim; =0 Vi=1,2,...,n.
This means that
Tip; +;f; =0 Vi=12,...,n

So we have the set Ka is convex.

O
From Proposition (1), we deduce the following corollary.
Corollary 2.
1) If Q is positive semidefinite, then the set K of KKT triplets is convez.
2) For every J C {1,2,...,n}, Ka, ={(z,\,p) € Ko | x € Ay} is conver.
Theorem 3. Consider the following quadratic optimization problem
min {%I‘TQCL‘ — ez ey}, (P3)

where @ is an arbitrary symmetric n X n matriz. Then, every local minimizer of problem (P38
s a global minimizer.

Proof. Let z* be a local minimizer for problem (P3 with Lagrange multiplier (\*, z*) and
x € Ay. Then, we have I(x) = I(x*). This means that pfz; = 0 Vi =1,2,...,n and
Lz, N, 1) = q().
Note that d = x — x* which satisfy the following conditions
deXKer(A)andd; =0 Viel(z")=J
Then, we deduce that
deTh, (") ={deR" | Ad=0; d; =0, VieI(z*)=J)},

this means that d” Qd > 0. From second-order Taylor expansion of the Lagrangian function £
with respect to x, we have

q(x) = Lz, N5, 1) = L(x*, N, 1) + Vo Lz N, p*) T d + %dTQd.

Hence, we obtain ¢(z) > ¢(«*). This completes the proof. O

4. Example

By using our approach, we show that every local minimizer is a global minimizer for the following
nonconvex quadratic minimization problems with linear constraints.

. 1 7
i ale) = 5o

5
s. t. Am:Zmizl, (P)
i=1

x>0, Vie{l,2,...,5},
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where A = [11111] and

21 1 1-1
12 1 1 1
Q=] 11 2 1-1
11 1 2-1
~11-1-1 2

The eigenvalues of @ are: A\ = %(5 —v33) <0, M=1>0,A3=1>0, A =32>0,
As = (5 +1/33) > 0. Then this matrix is not positive semidefinite.

Let
5
A:{xeRﬂzxi:l; xiZO,iE{l,Q,...,S}}
i=1
and
5
Ker(A) = {deR5| Zdizo}.
i=1
={Zu|ueR'},
where
1 0 0 0
01 0 O
Z = 0 0 1 0
0 0 0 1
-1-1-1-1

e First, we discuss according to the zero components of a solution of problem (P). Then we
can solve the necessary first order conditions (CN1) of this problem .

T T
- 11
5 33 7 P u_[o ,o,o,o}.

btain 7 = |—. 0, —. = | . =
We obtain 7= | 72, 0 76+ 157 16/ ° 16 " 16

e The solution T satisfies the conditions (CN2) for problem (P).

e Secondly, we show that, the matrix @ is positive semidefinite over the set Ker(A). Indeed,
we have

y'Qy >0, ¥V y € Ker(A) & d'(ZTQZ)d >0, ¥V d € R*,

The matrix Z7QZ is positive semidefinite on R*, where

zTQz =

(2 BN &) SV RN @)
W W N W
Ut O W Ut
S Ot W Ot

and the eigenvalues of Z7QZ are: A\ = 94+2v19 >0, o =1 >0, A3 =1 > 0,
Ay =9—2v19 > 0.

Therefore, the first item of Proposition 1 holds (i.e. the set K of this problem is convex).

e From the second item of Theorem 2, then Z is a global minimizer for (P)
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5. Conclusion

We have given a new sufficient global optimality condition for non-convex quadratic minimiza-
tion problems subjective to both linear equality and linear inequality constraints, related to the
set of Karush-Kuhn-Tucker triplets (KKT) of this problem. We have shown that, if the set of
KKT of this problem is convex, then a local minimum is global. Our approach can be a tool
to solve globally a subclass of minimization of non-convex standard quadratic problems.
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