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Abstract. The selection-based problem is a type of decision-making issue which involves opting for
a single option among a set of available alternatives. In order to address the selection-based problem
in data envelopment analysis (DEA), various integrated mixed binary linear programming (MBLP)
models have been developed. Recently, an MBLP model has been proposed to select a unit in DEA
with variable returns-to-scale technology. This paper suggests utilizing the linear programming relax-
ation model rather than the MBLP model. The MBLP model is proved here to be equivalent to its
linear programming relaxation problem. To the best of the authors’ knowledge, this is the first linear
programming model suggested for selecting a single efficient unit in DEA under the VRS (Variable
Returns to Scale) assumption. Two theorems and a numerical example are provided to validate the
proposed LP model from both theoretical and practical perspectives.
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1. Introduction

Data envelopment analysis (DEA) is a prominent non-parametric approach to evaluate the
performance of a set of homogeneous decision-making units (DMUs) with multiple inputs and
multiple outputs which was initially proposed by Charnes, Cooper and Rhodes [4]. In this
method, the efficiency measure of each DMU is a scalar ranging between zero and one. A unit
with the maximum efficiency score of 1 is efficient and otherwise, inefficient. To increase the
discriminating power of the DEA approach, some ranking approaches have been developed for
fully ranking efficient DMUs. However, selection-based problems lie with selecting an efficient
unit among all efficient units. Toloo and Nalchigar [6] suggested the first integrated mixed
binary linear programming (MBLP) model for selecting a single efficient unit with variable
returns-to-scale (VRS) technology. Toloo [5] pointed out that the model of Toloo and Nalchigar
[6] has fallen short in its attempt to select a single efficient DMU and then the author formulated
a new MBLP model in order to overcome the shortcoming. This study demonstrates that the
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linear programming (LP) relaxation of Toloo’s model is also able to opt for a single efficient unit.
More precisely, it is proven that the relaxed mixed binary linear programming (RMBLP) model
is equivalent to the MBLP model of Toloo [5]. Note that a relaxed model is a regular LP model
which is obtained by replacing any binary variable θ with the continuous range of 0 ≤ θ ≤ 1.
In contrast with other selecting models, the proposed relaxed model can be straightforwardly
solved using the simplex method which is a viable and popular tool for solving LP models.
It is evident that the relaxation models are simpler, more practical, more reliable, and more
succinct. It should highlighted here that the relaxation approach can extend for unit-selecting
DEA models in the literature.

The return to scale describes the behavior of the rate of increase in outputs relative to
the associated increase in the inputs in the long run. The first DEA model was built based
on the assumption of constant returns to scale (CRS) of DMUs and then Banker, Charnes,
and Cooper [3] extended a DEA model for estimating technical and scale inefficiencies under
VRS assumption. In other words, the CCR model assumes that outputs increase by that same
proportional change as all inputs change. Meanwhile, in the BCC model, this proportion can
be increasing and decreasing as well. Note that the relaxation approach can extend to DEA
selecting models in the literature. Akhlaghi and Rostamy [1] introduced an input-oriented
linear model for selecting the most BCC-efficient DMU under variable returns to scale (VRS)
and proposed a new LP model for finding the most BCC-efficient DMU. Using the proposed
model, the decision-maker is able to find the most BCC-efficient DMU by solving only one LP.

Suppose that there are n DMUs (DMUj ; j = 1, . . . , n) to be evaluated in terms of m inputs
xj = (x1j , . . . , xmj) and s outputs yj = (y1j , . . . , ysj). The following BCC model evaluates the
performance of DMU under evaluation, i.e., DMUo under VRS technology:

max eo =

s∑
r=1

uryro + u0,

s.t.
m∑
i=1

vixio = 1,

s∑
r=1

uryrj + u0 −
m∑
i=1

vixij ≤ 0

vi ≥ ϵ

ur ≥ ϵ

u0 is free.

j = 1, . . . , n

i = 1, . . . ,m

r = 1, . . . , s

(1)

where vi and ur are the ith input and rth output weights, respectively; u0 is employed to
portray the situation of returns to scale, and ϵ is the non-Archimedean epsilon which prevents
the weights from being zero (for more details, see Amin and Toloo[2]. DMUo is BCC-efficient
if the optimal objective value for model (1) is 1, otherwise, it is BCC-inefficient. It should
be mentioned here that usually there are many BCC-efficient DMUs that follow the lack of
discriminating power of the BCC model. There is a wide range of studies that have been
undertaken to address this issue [7]. Toloo [5] built the following integrated MBLP model to
find a single efficient DMU under VRS assumption:
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min dmax,

s.t.
m∑
i=1

vixij = 1,

s∑
r=1

uryrj − u0 −
m∑
i=1

vixij + dj = 0,

dmax − dj ≥ 0
n∑

j=1

θj = n− 1,

dj ≤ Mθj

θj ≤ Ndj

dj ≥ 0, θj ∈ {0, 1}
vi ≥ ϵ

ur ≥ ϵ

dmax ≥ 0

u0 is free.

j = 1, . . . , n

j = 1, . . . , n

j = 1, . . . , n

j = 1, . . . , n

j = 1, . . .

j = 1, . . . , n

i = 1, . . . ,m

r = 1, . . . , s

(2)

M and N are large positive numbers; dj is deviation of DMUj from efficiency; and θj is
the indicator variable (i.e., a binary variable that indicates a certain state in a model; see [8])
which is imposed on the model to fulfill the following condition:

dj

{= 0, θj = 0
> 0, θj = 1

Definition [5]: decision-making unit number k(DMUk) is the efficient unit if and only if
deviation variable d∗k = 0 (k=the number of variant d).

2. The proposed model

This section introduces the following LP model to determine the single efficient unit with
VRS technology which is achieved by replacing binary variables θj with the continuous range
0 ≤ θj ≤ 1 for j = 1, . . . , n:
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min dmax,

s.t.
m∑
i=1

vixij ≤ 1,

s∑
r=1

uryrj − u0 −
m∑
i=1

vixij + dj = 0,

dmax − dj ≥ 0
n∑

j=1

θj = n− 1,

dj ≤ Mθj

θj ≤ Ndj

θj ≤ 1

vi ≥ ϵ∗

ur ≥ ϵ∗

dj , θj ≥ 0

dmax ≥ 0

u0 is free.

j = 1, . . . , n

j = 1, . . . , n

j = 1, . . . , n

j = 1, . . . , n

j = 1, . . . , n

j = 1, . . . , n

i = 1, . . . ,m

r = 1, . . . , s

j = 1, . . . , n

(3)

Here, θj ≤ min{1, Ndj} for j = 1, . . . , n and, hence, N should be large enough to allow
θj for j = 1, . . . , n (j ̸= k) to take the value 1; otherwise, the model is infeasible due to the
constraint

∑n
j=1 θj = n − 1. As a result, a feasible model can be achieved if 1 = min{1, Ndj}

or equivalently N ≥ max{ 1
dj

∣∣j = 1, . . . , n} is selected. The following theorems validate the

suggested relaxed model (3). The first theorem proves that the model opts for a single efficient
DMU and the next theorem states that the MBLP model of Toloo [5] is equivalent to its relaxed
model.

Theorem 1. Solving model (3) provides only a single efficient DMU.

Proof. Let (d∗max, d
∗, v∗, u∗, u∗

0, θ
∗) be an optimal solution to model (3). If there exists at least

one zero deviation variable, e.g., d∗k = 0, then according to the following constraint

s∑
r=1

uryrk + u0 −
m∑
i=1

vixik + dk = 0

DMUk is efficient. On the contrary, suppose that for all j we have d∗j > 0. Let

dmin = min{d∗j : j = 1, . . . , n} & d̄∗j = dj − dmin, j = 1, . . . , n

It is evident that (d∗max − dmin, d
∗, v∗, u∗, u∗

0 − dmin, θ
∗) is also feasible for model (3) with

an objective value, d∗max − dmin, which is less than the optimal objective value d∗max, which is
impossible. As a result, model (3) is proved to provide at least one efficient unit under the VRS
form of the technology. Moreover, suppose that both DMUk and DMUl are efficient. Hence,
d∗k = d∗l = 0 which, along with the constraint θj ≤ Ndj (for j ∈ {k, l}), lead to θ∗k = θ∗l = 0.
As a result,

∑n
j=1(j ̸=k & j ̸=l) θj ≤ n− 2 which is a contradiction to constraint

∑n
j=1 θj = n− 1.

Therefore, it is concluded that there exists one and only one efficient DMU, which completes
the proof.
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Theorem 2. The LP Model (3) is equivalent to the MBLP model (2).

Proof. Let (d∗max, d
∗, v∗, u∗, u∗

0, θ
∗) be optimal solution to model (3). In the same manner

analogous to the proof of Theorem 2, there exists a single zero deviation variable d∗k = 0 and a
single zero variable θ∗k = 0. Note that from the constraint

∑n
j=1 θj = n − 1, the only possible

solution is θ∗j = 1,∀j ̸= k. As a result, (d∗max, d
∗, v∗, u∗, u∗

0, θ
∗) is a feasible solution for model

(2). On the contrary, suppose that (d̄∗max, d̄
∗, v̄∗, ū∗, ū∗

0, θ̄
∗) is an optimal solution to model

(2) where d̄∗max < d∗max. As is clear, (d̄∗max, d̄
∗, v̄∗, ū∗, ū∗

0, θ̄
∗) is a feasible solution for model

(3) which is impossible because its objective function value d̄∗max is smaller than the optimal
objective function value d∗max. In much the same way, the revise can be proved. The proof is
now completed.

3. Application

In this paper, the feature of the model is to get the best performance without the rankings.
This paper proposes a new LP model for finding the single efficient DMU. In comparison with
the existing DEA, the proposed alternative LP model is more practical and more reliable and
contains only essential constraints and decision variables. To find the single efficient FLD (s)
given in Table1, the authors applied the proposed model [5] with ϵ = 0.00026. To validate the
proposed model, a well-known numerical illustration is used from the DEA literature. Table1
demonstrates the real dataset of 19 facility layout designs (FLDs) with two inputs and four
outputs.

Inputs Outputs
FLDs

Cost Adjacency Shape ratio Flexibility Quality Utility

1 20309.56 6405 0.4697 0.0113 0.0410 30.89
2 20411.22 5393 0.4380 0.0337 0.0484 31.34
3 20280.28 5294 0.4392 0.0308 0.0653 30.26
4 20053.20 4450 0.3776 0.0245 0.0638 28.03
5 19998.75 4370 0.3526 0.0856 0.0484 25.43
6 20193.68 4393 0.3674 0.0717 0.0361 29.11
7 19779.76 2862 0.2854 0.0245 0.0846 25.29
8 19831.00 5473 0.4398 0.0113 0.0125 24.80
9 19608.43 5161 0.2868 0.0674 0.0724 24.45
10 20038.10 6078 0.6624 0.0856 0.0653 26.45
11 20330.68 4516 0.3437 0.0856 0.0638 29.46
12 20155.09 3702 0.3526 0.0856 0.0846 28.07
13 19641.86 5762 0.2690 0.0337 0.0361 24.58
14 20575.67 4639 0.3441 0.0856 0.0638 32.20
15 20687.50 5646 0.4326 0.0337 0.0452 33.21
16 20779.75 5507 0.3312 0.0856 0.0653 33.60
17 19853.38 3912 0.2847 0.0245 0.0638 31.29
18 19853.38 5974 0.4398 0.0337 0.0179 25.12
19 20355.00 17402 0.4421 0.0856 0.0217 30.02

Table 1: Inputs and outputs of 19 FLDs

GAMS software was used to solve model (3). Table2 summarizes the evaluated (BCC-) efficien-
cies, the optimal deviation, and binary variables.
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FLDs Efficiency d∗j θj BCC-efficiency

1 0.9433 0.0404 0.4697 0.8433
2 0.9791 0.0144 0.4380 0.8791
3 0.9727 0.0187 0.4392 0.8727
4 0.9584 0.0273 0.3776 0.8584
5 0.9426 0.0374 0.3526 0.8426
6 0.9852 0.0097 0.3674 0.9852
7 0.9579 0.0256 0.2854 0.8579
8 0.9021 0.0662 0.4398 0.9021
9 0.8839 0.0768 0.2868 0.8839
10 0.9999 0.0001 0.6624 0.999
11 0.9769 0.0154 0.3437 0.9769
12 0.9998 0.0001 0.3526 0.9998
13 0.8460 0.1043 0.2690 0.8460
14 1.0000 0.0000 0.3441 1.0000
15 0.9821 0.0126 0.4326 0.9821
16 0.9739 0.0183 0.3312 0.9739
17 0.9998 0.0001 0.2847 0.8998
18 0.8970 0.0710 0.4398 0.8970
19 0.6774 0.3226 0.4421 0.6774

Optimal weights

v∗1 0.000027 u∗
1 0.237099

v∗2 0.000026 u∗
2 0.262209

u∗
3 0.000026

u∗
4 0.000026

Table 2: The optimal solution and efficiency scores

The optimal solution reported in Table 2 is equal to the one obtained by the MBLP model
(2). In Toloo [5] model, it was required to first rank the units and determine the best among the
candidate units with Toloo binary model. However, in the new model, which is a continuous
linear model, the efficient unit is specified by solving only once and there are fewer limitations.
For more details, see [5] (p. 5520).

4. Conclusion

In this paper, a relaxed model was suggested for identifying a single efficient unit under the
VRA assumption. From a practical point of view, a real dataset was utilized to illustrate the
applicability of the paper’s approach. In Theorem 1, it was proved that the continuous linear
model has only one efficient unit; meaning the unit with deviation variable=0 is efficient. In
Theorem 2, it is proved that the optimal points in the new LP model are equivalent to the
optimal points in the MBLP model of Toloo [5] and vice versa. The proposed relaxed model
is linear and hence has many computational advantages over the non-linear model of Toloo.
For instance, the proposed model is more suitable to deal with big data in DEA, which is very
complex and needs a huge number of computations. Conclusively, the proposed model is more
efficient. Considering the subjective opinions and intuitive senses of decision-makers is another
interesting research direction (for more details see [7].
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