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Approximating a solution to the two-part tariff problem
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Abstract. The problem of setting the reservation price in terms of a two-part tariff
requires, subject to new prices, reducing the difference between minimum expenditure for
the starting level of utility and nominal consumer income. This difference in expenditure
can be translated into the area below a compensated demand curve. The compensated
demand curve is not directly observable, so the reservation price in this paper is
approximated by a change in the consumer surplus. For the case of heterogeneous
consumers, a number of reservation prices exist. This paper will address error estimation
in setting prices of a capital good and a service. The results obtained are demonstrated
using a numerical example.

Key words: two-part tariff, reservation price, heterogeneous consumers, error estimation
Received: October 6, 2014; accepted: February 2, 2015; available online: March 30, 2015

DOI: 10.17535/crorr.2015.0011

1. Introduction

The two-part tariff is a pricing policy that enables a consumer to pay a fixed
charge and a unit price [2]. Tt is common practice for paying utility bills,
Polaroid cameras, amusement park fees, taxi charges and the like [9]. Pricing
policies in amusement parks were the motivation behind Oi’s article (1971) [6,
7.

This paper derives the solution algorithm for the well-known two-part tariff
problem, formulated as a bilevel multi-follower program and approximated
reservation price with the area left of the Marshallian demand curve and above
the price line [1, 4, 5]. The upper level represents a monopolist who makes
decisions about the price of capital goods and services with the goal of
maximizing profit, whereas the lower level represents consumers divided into n
homogenous consumer groups who make independent decisions about their
expenditure and quantity of goods consumed with the goal of maximizing
utility.
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In the two-part tariff problem, the consumer cannot enjoy the consumption
of a service without the capital good, which has its price. Every consumer
compares the fixed fee and the highest price he or she is willing to pay for the
capital good. This highest price is called the reservation price and it is equal to
the area left of the Hicksian or compensated demand curve and above the price
line. They are unobservable in practice, as they require the utility to be held
constant. Approximating the reservation price with the area left of the
observable Marshallian or uncompensated demand curve and above the price
line is useful. This area is called the consumer surplus. Existing literature
usually starts from quasilinear preferences that neglect the income effect. This
paper takes into account the income effect and the difference between
uncompensated and compensated demand. In terms of representing consumer
tastes, the CES utility function and error estimation are used to set the price of
a capital good in the case of a consumer group.

2. Model formulation

To highlight fully the structure of the problem and the decision-making
dynamics, the two-part tariff problem has been formulated as a bilevel multi-
follower programming problem [5]. In general, bilevel programming models are
suitable for describing hierarchical decision-making situations. A decision maker
at the top level — the leader — first makes a decision for a best outcome, i.e.
maximizes or minimizes the objective. However, once the leader has made the
decision, each of the decision makers at the subordinate level — the followers —
will make their own decisions independently, thus endeavoring to optimize the
objective. The leader cannot force them to do whatever is best for the leader.
Therefore, when making the decision, the leader is to anticipate the reactions of
followers, given that their choices affect the feasible choice and overall outcome
for the leader. The opposite is also true.

The two-part tariff problem is exactly this kind of problem. The decision
maker is the monopolist at the top of the decision-making hierarchy, while the
lower level represents consumers divided into homogenous groups, with each
group characterized according to its income and substitution elasticity, and acts
independently. The monopolist determines the prices of a capital good and a
service, primarily to maximize profit. Once the prices have been determined,
each consumer group independently decides whether to consume the good, and
if so, how much of it. If the price of the capital good is less than or equal to the
corresponding reservation price, a consumer group will consume the good and
the level of demand is determined by solving a specific optimization problem,
with the objective to maximize the group’s utility. In return, each consumer
group’s choice affects the monopolist’s overall profit. Therefore, when deciding
prices, the monopolist has to consider each consumer group’s reaction.
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In representing consumers’ preferences, the starting point is the strongly
increasing and strictly quasiconcave utility function, and the use of the
composite commodity theorem to solve the following model of utility
maximization subject to the given budget constraint [3,8],

v(p,M) = maxu(x, m) (1)
px+m=M.

The solutions to the above optimization problem are the Marshallian
demand functions, x"(p,m) and m" (p,M), and indirect utility function, v(p,m).
The service price p and nominal consumer income determine the budget
constraints.

Given that the consumer cannot enjoy the consumption of a service
without the capital good which has its price, the dual problem of minimizing
expenditure subject to the given utility level needs to be addressed, where the
solutions are provided by the Hicksian demand functions x" (p,u) and m" (p,u)
, and the expenditure function e(p,u). Given that e(p,u(0,M)) are the minimum
expenditures that ensure a level of utility where the consumer does not buy the
capital good, the highest price the consumer is willing to pay for the capital
good or the reservation price is equal to the difference between the nominal
income and those expenditures [5],

pr ZM—E(p,U(O,M)). (2)

The CES utility function is chosen to represent consumer tastes. Let n
denote the number of consumer groups, S; the size of the consumer group 4, M,
the income of the consumer group i, o, the substitution elasticity for the

consumer group 4, ¢ the marginal cost of a service that the capital good provides
and let o be a sufficiently large number. The monopolist has to decide the
price of the capital good, p°, and the price of the service, p. The decision
variables relating to each consumer from the consumer group i consider the
quantity of service consumed, x , expenditure on all other goods, m, , and the
reservation price, p’. Moreover, they decide whether or not to consume the

good, &, where ¢, =1 if consumers from group i are consuming the good in

question and 0 if otherwise.
The problem can now be formulated in the form of the following bilevel
multi-follower programming problem [5]:
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Fopt.xmp.8)=>s [p+(p-c)-x]& (3)
max F(pptx,m.p,8) =30, p°+(p=c)% |-
s.t.
—i ,i o'{il
max U,(X,,m,,p,r,él)—[xll "'+mi1 "'] (4)
XMy, PG,
s.t.

X +m =M, —p°-5 (5)
pi —{1—( pr +1)1‘1”']Mi (6)

- 1 ifp <p (7)
" |0; otherwise

X <a-d (8)
x,,m, >0,5, €{0,1} (9)

The monopolist determines the price of the capital good, p°, and the price

of the service, p, in order to maximize his profit function F, as described in (3).
However, when making the decision, the monopolist has to take into account
that each of the n consumer groups will make a consumption decision
independently based on their individual objectives and constraints, thus directly
affecting the monopolist’s profit. A consumer group will consume the good only
if the price of the capital good is less than or equal to its reservation price.
Therefore, the monopolist’s profit comprises the sum of profits for each
consumer group, where the profit for each consumer group 7 is 0 if the group
does not consume the good (s =0), or si.[p°+(p_c).xi] if the group does

consume the good. Hence, [pc +(p_c).xi] is the profit for each group member

and §; is the number of group members.

Once the monopolist has determined the price of the capital good and the
price of the service, each of the n consumer groups makes an autonomous
decision on whether to consume that good while trying to maximize its utility
(4). Therefore, the lower level consists of n independent optimization sub-
problems, one for each consumer group. Since the groups are homogeneous, it
suffices to consider the behavior of one individual consumer for each group. A
member of a group 7 has to decide whether to consume the good and the service
offered by the monopolist, described by ¢, as well as the quantity of the service

consumed, ¥ , in order to maximize its utility U; as described by (4). The

decision concerning the quantity of the service leads to a decision on the
expenditure on other goods, m,. The utility is maximized subject to a set of

constraints (5) - (9). Should members of the group i decide to buy the capital
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good, each of them has a remaining budget of M, - p° to spend on buying the
service (px ) and other goods (m. ), as shown by budget constraint (5). If the
members of group ¢ are not buying the capital good, than § =0 and the entire

budget is being spent on other goods. The reservation price for group 7 is
determined in (6). Members of group ¢ will buy the good and the service only if
the price of the capital good is less than the corresponding reservation price, as
shown in (7) and (8). All decision variables should be non-negative, as required

by (9).

3. Solution algorithm

In general, bilevel programming problems are difficult to solve. Moreover, if the
solution to the lower level problem is not unique, even the notion of a solution
poses difficulties. Given the special properties of the two-tariff problem, the
defined bilevel programming model for the problem in question will always have
a unique solution. This section presents the algorithm for such a solution.

A brief overview of the problem is given here. A relationship exists between
the price of the service, p, and the reservation price p' for each consumer group

7, 1=1,2,..,n. Given the price of the service, p, the reservation price for a
consumer group ¢ is uniquely determined by

pr {1—( pto +1)110.] M, - (10)

Furthermore, if the price of the capital good p° is less than or equal to the
reservation price p/of the consumer group i, consumers from group i will
consume the good (§ =1) and the quantity consumed will be determined by
solving the optimization problem (4) - (9). For fixed p, p® and ¢ =1, this

problem has a unique solution which is analytically given by

X =P (11)
p™ (P +1)
In that case, expenditure on other goods is given by
M- _ C
m =P (12)
P +1

If the price of the capital good is greater than the reservation price p' of
the group ¢, consumers from that group will not consume the good (5i =0,x = 0)-
They will spend their entire income on the other goods instead (m =M, ).

The choice of the service price p determines the reservation price for
consumers from each of the consumer groups, which in combination with the
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price of the capital good, determines values of the decision variables for all
consumer groups involved.
Consider the monopolist’s objective function

Fo. P oxm,p ) = 25, [ pF +(p=c)-x -4 (13)

Note that the monopolist’s profit is not a continuous function. Since group
i consumes the good and therefore contributes to the profit only if its
reservation price is less than or equal to the price of the capital good p°, and the
profit function may have discontinuities in all p° such that p®=p’ for
1=1,2,..,n.
Since a group’s reservation price is a function of p, the domain of p can be
|
partitioned into intervals I;, j=1,..,l such that Ulk =[O,+oo) with the property
k=1
indicating that the groups’ reservation prices maintain the same relationship to
one another in terms of being less than or greater than one another. In other
words, an interval [ is the maximum interval for which a permutation of group
indexes 1 exists, such that
Prw < Pr < <Py foralpéel. (14)
Intervals [, are obtained by finding the intersections of p’ and P for all
1,j=1,2,...n ;i # j. If 0= Po< P, <P, <---<p,, are all the values of a service
price for which some of the reservation prices are intersecting, then
Lo =[Ps P ] k=1...,1-1 and | =[p,,+0). Figure 1 provides an example of

such intervals for two consumer groups.
) 4 1

24

0 I I

Figure 1: Reservation prices as functions of the service price P plr pzr

For a given interval | , k=1,2,..,l and the corresponding permutation of

the groups’ indices my , the value of p® will fall into some of the intervals Jlk,
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t=1,2,..,n ,where th :(p J with p’ =0, or it will be p°®> p;k(n). In

r r
-0 Pr, ) 7 (0)

case p“>p it is true that
r r r C
PrySPr)S < Prm <P (15)
hence, none of the consumer groups consumes the good and the total profit is
equal to 0. If p®eJ), t=1,2,..,n, then
r r r C r r

Poy S Pr S S Py SP S PSS Py (16)

hence, the profit function reduces to

C

e C M, =P
F[k (p’ p ) = ank(i) : p +( p _C) T (i) (ifgrr (i) (17)
= P (P77 +1)

. . . . . . . C
where Fy is a continuous function which increases depending on variable p-.

For a fixed p, its maximum is achieved for p°®= p;k «» Where

1t

m(t)

Therefore, in order to find the maximum of the profit function (11) in
interval |, , it becomes necessary to compare maximums of the following single-

variable n continuous functions

. r Mn’ iy p;'
Ftk(p)zzs”k(i) . p”k(t)—k(p_c)' %(u)k()lfcrﬂk(.k)(t) ,t=12,...,n (19)
i=t p (p +1)

where p' - ininterval |, is given by (15). The maximum of the profit function

(11) in interval |, coincides with the maximum of the function th such that
max F"m(p) > max{ma}x F(p)t=12,.., n} . (20)
pel, 7k pely
Therefore, the problem of finding the optimal service price in interval |, is
reduced to solving n well-known optimization problems of finding the single-
variable function maximum. The overall maximum of the profit function F is
the maximum over all intervals 1, , k=1,2,..,n, that is

max F(p):maxl{me}x Ftk(p),tzl,z,...,n}- (21)
P = pely

By comparing the optimal values of all profit functions th over all

intervals the global optimum of the profit function F is obtained.

I
Consequently, the problem of finding the optimum of discontinuous function of
several variables F has been reduced simply to solving k-n single-variable

optimization problems.
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4. A numerical example

Example 1: Consider a monopolist who has to determine the prices of a capital
good and a service with respect to two homogeneous consumer groups, where
the marginal cost of the service that the capital good provides is equal to 1.
Group 1 consists of 4 members, has an income of 15 and its substitution
elasticity is equal to 2. Group 2 consists of 2 members, where each member has
an income of 40 and a substitution elasticity of 3.

The monopolist has to determine the price of the capital good, p°, and the
service, p, in order to maximize its profit given by

max F(p,pc,x,m,p',5):4'[p°+(p71)~x1]-51+2-[p°+(p71)-x2]'52-

p=0,p°>0

Given the prices p° and p, each consumer from Group 1 will decide
whether to consume the good offered by monopolist or not, and decide its
quantity, by solving the optimization problem (4) - (9). The same is true for
consumers from Group 2.

First, intervals | are calculated. Figure 2 is a graph of reservation prices
for Groups 1 and 2 as functions of p. They intersect for a service price of
p,~1.69. Hence, there are two intervals, l,=[0,1.69] and I, =[1.69,+0)- For pel,
the following is true p/(p)< p;(p) and therefore z(1)=1 and 7 (2)=2. For pel,

the following is true ps(P) < py(p) and therefore 7,(1)=2 and 7,(2) =1
40

Figure 2: Reservation prices as functions of service price p

At interval the following partial profit functions F! and F} are

Il
considered, where
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r 15— pr r 40- pr
F! =F(p)=4- pf +(p-1)——"—|+2:| pl +(p-1) ——2—
m (1) (p) 1 (p) |:p1 ( p ) p2 ( p,l +1)1 |:p1 ( p ) p3 ( p,z +1):l

r 40-p;
F}Q(z)(p):':zl(p):Z{pz +(p—1).m].

Here

r r - -1 15
bl = PLg :[1-(9 '+1) ]15:m'

At interval |, the following partial profit functions F”zz @ and Fﬂzz () are
considered, where
r 40— pr r 15— pr
F? =P =2-p +(p=-1) ——2 _|+4. p'+(p=-1) ——F2__
rrz(l)(p) 2(p) l:pz (p ) p3(p2+l)] [pz (p ) pz(p1+1):l
15— p/
F? =F(P)=4p +(p-1)——— =
@) =F () [ra (p-1) 7 (1)

with

1 2
P, = P@m{l—(p‘ﬁl) 2}-40:40.{1_ - P 2}.

+p

40 g

b e F 1]
20 |1\

: k —F12

O T — 1 1 _F21
0 5 10 15

220 e [ 22
-40

Figure 3: Partial profit functions as functions of service price p

Figure 3 shows the graphs of partial profit functions as functions of service

price p.
The global maximum of the global profit function F coincides with the
maximum of the profit function Fll in interval |, obtained for service price

Prax ©1.324 and is equal to F™ ~44.844. The optimal price of the capital good
is equal to the reservation price p/, obtained for p_ . Therefore, p° ~6,45.

Both Groups 1 and 2 participate in the consummation of a good, Group 1 with
respect to quantity x™ ~2.097 and group 2 with respect to quantity

X1 ~5.247 .
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5. Approximating the solution of the two-part tariff problem
and numerical example

In maximizing profit, the monopolist has to take into account consumer
reactions. If the price of the capital good is higher than the reservation price,
the consumer will not enter the service market. In the previous section, the
reservation price was presented as the difference between nominal income and
minimal expenditure, ensuring a level of utility that corresponds to the situation
where the consumer does not purchase the capital good. An analysis of the
reservation price is given from another perspective and Figure 4 provides
relevant information. Consider an initial point x° on an indifference curve
u(x,m)=u(0,M) encountering prices poand a nominal income equal to the
minimum expenditure, required to attain the utility level u(0,M), e(p°,u(0,M).
Now suppose that the service price decreases to pl. The following question can
be posed: how much better off is the consumer now that prices are lower? In
other words, what is the maximum income a consumer is willing to pay at a
lower price. This maximum is the amount that instills an indifference in the
consumer with respect to the old and new situation [8]. This value is called the
compensating variation and it is equal to the difference between the minimum
expenditure required to attain the indifference curve u(x,m)=u(0,M) at the
new and old prices,

CV =e(p*,u(0,M)—e(p°,u(0,M), (22)
or, in the integral form
pl
cv - [LRUOM) g (23)
0 dp

In line with Shephard’s lemma, the expenditure difference for a small unit
price increase is equal to the optimal quantity. Therefore, the compensating
variation is equivalent to the area left of the Hicksian or compensated demand
curve,

CV = pij(p,u(o,M))dp- (24)

If the initial price is higher, the area under the Hicksian demand curve is
greater and closer to the reservation price. The intercept on the vertical axis is
then closer to M. Within limits, the area equals the reservation price,

CV = Tx” (p,u(0,M))dp- (25)

Given that the Hicksian demand curves are unobservable as they require
the utility to be held constant, it is clear that the unobservable reservation price
should be approximated to the area under the observable demand curves, i.e.
the Marshallian demand curves or the uncompensated demand curves,
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p* = [X" (p.e(p.u(0,M))dp - (20)

p

The approximation should not be greater than the reservation price,
because the consumer group will not buy the good. Since the Marshallian
demand curves require the income to be held constant, the only dilemma is
selecting M for errors to remain within reasonable boundaries.

m m

<, oMY, ") P, wo ML )

wfxm=uiD My im0 M)

|
5)

Figure 4: The compensating variation and the reservation price
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If the expression e(p,u(0,M) in the Marshallian demand function is

replaced with M, the result is the demand curve illustrated in Figure 5 to the

HoIn

right. The goal is to reduce income as close as possible to the curve, X
that case, there is a common point as illustrated in Figure 6.

The area under the resulting red curve can be divided into two parts. The
area filled with the red slashes represents the area mnot contained in the
approximation, whereas the area represented by the straight red lines represents
the area contained in the approximation. Naturally, the goal is to reduce income
so that these two areas are equal and thus the approximation becomes
equivalent to the reservation price. Therefore, how much should income be
reduced? Below is an approximation for only one consumer group. The
assumption is that the marginal cost of a monopolist is constant and equal to 1
and that substitution elasticity for the consumer group is equal to 2.

m

N K, M)
X[, ufo.M)]

o Xifp, uoM)] P

Figure 6: Approzrimating the reservation price to the area under the Marshallian
demand curve
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In the case of one consumer group, as the service price is equal to the
marginal cost, the area under the Marshallian demand curve for the CES utility
function is given by the following integral

| ; Mpz =Min2. (27)
+
1

Table 1 below gives reservation price approximations for various income levels.

M 10 7 5
[aproz 6.83 4.85 3.41

Table 1: Approzimating the reservation price to the area under the Marshallian
demand curve

The true reservation price for the given parameters is equal to 5.
Subsequently, if the chosen income level is about 7, the error is small and
difference between the monopolist’s actual and maximum profit is small.

6. Conclusion

This paper has presented a construction of a solution algorithm for the well-
known two-part tariff problem. The algorithm was formulated as a bilevel multi-
follower program, which approximated the reservation price to the area left of
the Marshallian demand curve and above the price line. The upper level consists
of a monopolist who decides the price of a capital good and the price of a service
with the goal of maximizing profit, whereas the lower level consists of consumers
divided into n homogenous consumer groups who autonomously decide the
quantities of the good consumed in order to maximize their utility. If the price
of the capital good is higher than the reservation price, the consumer will not
enter the service market. Given that the reservation price is equal to the area
left of the unobservable Hicksian demand curves and above the price line, this
paper has sought to approximate it to the area left of the observable or
Marshallian demand curves and above the price line, subject to conditions that
make this approximation as accurate as possible. Existing literature usually
starts from quasilinear preferences that neglect the income effect. This paper
takes into account the income effect and the difference between uncompensated
and compensated demand. The analysis precedes a numerical example for a
consumer group whose tastes are represented by the CES utility function.
Future research will focus more on the real assumption of the heterogeneity of
clients with respect to taste and wealth.
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