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Abstract. In (Croat. Oper. Res. Rev, 13(1), 131-135, (2022).) A. Benhadid showed by a counterex-
ample that a number of publications in the research on the variational inequalities system contains
inaccurate results about applying the Lipschitz continuity concept in relation to both the first and sec-
ond variables during the proof of the main theorem on the part of authors. In this paper, We suggest
to applying fixed point theorem to correct the main results of some publications.
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1. Introduction

Consider a real Hilbert space H, with its norm and inner product represented by the symbols
Il and {.,.), respectively. Consider a closed convex set K in H. It is commonly known that
a variety of problems with transportation, fluid mechanics, boundary value, and equilibrium
issues (see [2, 6, 8, 9, 11]) reduce to variational inequality situation:

look for a point & € K : (G (a) ,v — ) > 0,Vv € K, (1)

where G : H — H is a nonlinear operator on H. Variational inequality also has the benefit of
allowing for the investigation of a variety of topics in the domains of physics, industry, ecology,
social sciences, finance, and economics.

In summary, systems of variational inequalities offer a unified and comprehensive approach
to modeling and solving complex problems with multiple interacting components or agents.
They provide several advantages over individual variational inequalities, including integrated
modeling, efficient solution methods, and robustness to uncertainty, making them valuable tools
in various fields such as engineering, economics, and multi-agent systems.

In recent years (see [3, 4, 10, 13]), several authors have been interested in the field of system of
variational inequalities and they have also used it to create new iterative algorithms for handling
other pertinent problems. The system of variational inequalities that follows was established
by Verma [14] in 2004. It entails determining (o, 8) € K? such that:

(pG (B,a) + = Bv—a) > 0,Yv € K,p >0, )
nG (o, B) + B —a,v—B) >0,Yv € K,n > 0.
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Huang and Noor [7] then examined and researched the topic of determining (o, 3) € K? such

that :
<pG1(ﬁ7OZ)+OL—ﬂ,’U—C¥>ZO,V’U€K,[)>O, (3)
<77G2 (Oé,ﬁ)+ﬁ-0(,v—ﬁ> ZOuVUEK7n>O7

where G,G1,G2 : H — H are nonlinear operators. The goal of the current work is to
investigate the existence and uniqueness of solutions for the system (3) and to correct the
previous results of [7] and [14], by employing the definitions corrected by Benhadid in [1]. For
this reason, we think revisiting the following well-known notion.

2. Preliminaries
Definition 1. Let G be an operator from H to H, A > 0 is a constant with:
V(a1,a2) € H? : |G (a1) = G (a2)]| < Allas — az|| (4)
then G is called \-Lipschitz.
Remark 1. If A < 1, then G is said to be a contraction.
Definition 2. Let G be an operator from H x H to H, A > 0 is a constant with:
Yo € H,Y(a1,a2) € H? : |G (a1,v) — G (az,v)|| < X|lay — as| (5)
then G is called A-Lipschitz in the first variable.
Definition 3. Let G be an operator from H to H, r > 0 is a constant with:
V(a1,a2) € H? : (G (a1) — G (az) ,a1 — az) > 7 |la — b|)* (6)
then G is called r-strongly monotone.
Definition 4. Let G be an operator from H to H, e; > 0, ea > 0 are two constants with:
V(ar,az) € H* : (G (a1) = G (a2) ;a1 — az) > —e1 |G (a1) = G (a2)|* + &3 ar —a2||*  (7)
then G is called relazed (eq, es)-cocoercive.

Proposition 1. [5]. Given an element a € H, b € K, where K C H is a convex closed set.
then the inequality
(b—a,z—0b) >0,Vr e K (8)

s equivalent to

b= Pk (a), (9)
where Py is a projection of H into K and satisfies:
|Px (a) — Pr ()| < |l — || ,Va,be H.

Theorem 1. [12] Let F be a contraction on H. Then F' has a unique fized point a € H, i.e
F(a) = a.

Finding the solution (a, 3) € K? of (3) is identical to finding (a, 3) € K? such that:

@ :}(Ol"‘PK (B — pG1 (B, a)])
B = §(ﬂ+PK [ — G2 (a, B)])

(10)
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as we can readily demonstrate using Proposition 1, which is similar to the operator’s fixed point

problem F : H?> — H? define by:
1 1
(1,00 (3w Paclo = pGa (0.0 5 0+ Prc = G () )

Proof. We have, Vv € K,p > 0,17 >0
{<0G1 (B0) +a—fv—a)>20 {(a—(ﬁ—pGH (B,a)),v—a)
>0

VIV

0
<77G2(Q7B)+570[,U*ﬂ> </8*(O‘*77G2(04a5))7”*/6> 0
By using Proposition 1, we get:

{ (= (B =pG1(B,@)),v—q)

>0 a = Pk [B—pG1 (B, )]
(B—(a=nG2(a,B)),v—5) =0 ﬁ{

B = Pk [a —nGa (a, B)]
o :1(a+PK B —pG1(B,a)])
B = 5(5+PK[O‘_77G2(O‘75)D

=

which means that:

(,8) = F(a, ) DO

3. Main result

In this section, we’ll show the existence and uniqueness of solution for the problem (3).

(11)

Theorem 2. Let Gy : H?> — H be relazed (y1,7r1) —cocoercive in the first variable, fi1-
Lipschitzian in the first variable and \i-Lipschitz in the second variable. Let Gy : H> — H
be relazed (v2,79) —cocoercive in the first variable, ps Lipschitzian in the first variable and

Xo-Lipschitz in the second variable. If

L=t > g,

then there existe a unique solution of the system (3).

3
2 _ 2 _ 2\2 _ 2 2
=i+ \/(7’1 —mpi)” g e Tkt \/(rl Y11) gt o1
1% » P 9\
i wi 2M
Ty — Yap3 > pa,
3
2 _ 2 _ 22 _ 2 2
T2 = Yafi3 + \/(7"2 —Y213)" — 13 o< 2T \/(TQ n2k2) e P
13 ! " RS

Proof. To check the result, we need to assess ||[F (z,y) — F (z,t)|| where (x,v), (2,t) € H? and

1@ )l e = M2l g + 1yl

F o) = F () = (3o Prcly =061 (o)) 5 0+ Prfe = nGa ) )

= (54 Prl=pG 1A 5 e+ Pl — G2 ) )

= (4,B)
First we need to evaluate:

[l = % [z + Pr [y = pG1 (y, )] = (2 + Px [t = pG1 (4, 2)])|
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So,
2[|All = [l(z = 2) + [Pk [y — pG1 (y,x)] — P [t — pG1 (L, 2)]]| (19)
< flz =2l + [Pk [y — pG1 (y, 2)] — Pk [t — pG1 (¢, 2)]]]] (20)
<l =2l + [[ly — pG1 (y, 2)] = [t — pG1 (¢, 2)]] (21)
Sz =zl +lly—t—p[Gi(y,2) — G (t,2)]l (22)
<lly—t—plGi(y,2) = Gi(t,z) + Gi (t,z) — G1 (¢, 2)]]| (23)
+ llz — 2] (24)
<llz—zl+ly—t—p[Gi(y,z) — Gi (. 2)] (25)
+ oGyt x) = Gy (L, 2)|| (26)
From the relaxed (v1,71) —cocoercive for the first variable on G, we have
ly—t - p[Gi (9, 2) — G1 (L)l = ly — ¢ = 20(Gh (@) — G (), — ) (27)
+ 0% 1G1 (g, 2) = Ga (t.2)|? (28)
< =2p |- [G1 (y,2) = Gy (6, 2) | + 71 lly — t]* | (29)
+ [ly = tI* + p* |G1 (y, ) — G1 (¢, 2)|” (30)
=2om |G1 (y,2) — G (t,2)[|* — 201 |y — ¢ (31)
+ ly—t* + p* G2 (g, ) = G1 (£, )| (32)
From the p;-Lipschitzian definition for the first variable on G1, we have:
ly =t = p[G1 (y,2) = Gy ()] < [1+2pmpf — 20r1 + 23] 1y — ¢ (33)
From the A\;-Lipschitzian definition for the second variable on G, we have:
1G1(t,z) — Gi(t2)] < A flz — 2| (34)
As a result, we have:
1
1AL < 5 (lz = 2l + 0 lly = ¢+ pAu [l = =[1) (35)
where,
1
01 = [14 2p71pi — 2pr1 + p*ui]” (36)
Similary we have:
1
1Bl < 5 (ly =t + b2 [lz — 2] +nAz [ly — l]). (37)
where,
1
1B = 5 lly + Px [z =Gy (z,y)] = (¢ + P [z = nG1 (=, 1)) (38)
and )
02 = [1 4 21yap3 — 2072 + 17 43) * . (39)
The conditions (13) and (14) make it evident that,
1 1
01 < =, 0y < -,
27 and 2 (40)
1 1
77>‘2 < 5, p>\1 < 5
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So,
01 + 77/\2 <1 and 60+ ,0/\1 < 1. (41)
Then from (35) and (37),
1
A+ 1Bl <5 (e = 2l + 61 lly — ]l + pAs |z = 2[))
1
+5 (ly =t + 02 [l — 2l + 022 lly — ¢]])
(42)
1 1
<5 llz =2l +lly =t + o5 flz — =2 + [ly — I
140
<=5 lllz ==+ lly =]
where, 0 = max (61 + nA2, 02 + pA1) < 1.
So,
IF (z,y) = F (z,0) |l gy r = 1Al + | Bl (43)
< kll(@,y) = (20 gxn (44)
1
where k = % <1,

which implies that the map F' defined by (11) is a contraction, using Theorem 1 then F has a
unique fixed point. O

Remark 2. Through this note, we explain and illustrate more about the two conditions (13)
and (14): We set,
Pi(p) = 13p* +2(mipg —m1)p +1 (45)
Po(p) = 1i3p” +2(mpf —r1)p + §

Clearly, P1 and Py are two polynomials of order 2 with

Ap, = (mpi —11)? —31@ o)
AIPQ = —m)’ - ZM%
1. About the condition r1 — y1p3 > 1.
We have 3
V3 Cu2)? > 22
L=y > > 5 = ( 71#1; ) 4/;1’
(re —y1p)” > pis (47)
/
Ap >0,
Alp, > 0.
Which means that Py and P> have two different roots
=y - \/(7"1 —mpd)? - 13
Pp1 = )
" i
2
, N —71/@‘1'\/(7“1 —mpi)” -
pm - ,LL% ) (
2 3 48)
r— i =) (=) - ZM%
Pp2 = )
" G
2 02 3 o
/ r1—ypr /(1= ) -
Ppa = (i '
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With:
0 < ppy < Ppy < P, < Pp, (49)
2 \/( 22 _ 2 L=y + \/(m — )’ - §u?
L — MK L —7HY) — M
2. About the condition: ! 5 ! L < p < 5 4
M1 #

We have :
Pp> < P < Py,
0 < pp, <pp, <p
Pa(p) <0
Pi(p) >0
pp* +2(mpi —r)p+ 5 <0
pip* +2(nipi —r)p+1>0
= 0<pip*+2(mpd —r)p+1<g

= 03 < =

Ppy <P <Py = {
(50)

:>91<§

The same explanation with 0y and 0.

Remark 3. From the preceding proof, we can replace conditions (13) and (14) by a weaker

22 2 _ 2,2 2 _
condition 4 F4P2 2t =r)p+1>0 [ 30 +2(vapf —ra)n+1>0
0 +nX <1 0+ pr < 1

Remark 4. We obtain an approximation of («, 8) via the fized point Algorithm X, +1 = F (X,,)
.e:
1
Tp+1 = 3 (.13” + Pr [yn - pGl (ynﬁxn)])
(51)
Ynt+1 = 5 (Yn + P [T — 1G2 (Tns Yn) )

For any given initial points xg,yo € H.

4. Conclusion

In this work, we introduced and described a novel system of variational inequalities using two
different operators. We suggested and presented the correct Lipschitz definition concerning the
first and/or second variable in order to solve this system of variational inequalities (see [1]) via
the fixed point technique. This result corrected the main result of [7], and since this new system
includes the system of variational inequalities using the single operator as a special case, it also
corrected the main result of [14].
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