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Abstract. The present investigation studies a hybrid hiatus policy for a finite-space Markovian queue,
incorporating realistic features such as Bernoulli feedback, multiple servers, and balking customers. A
hybrid hiatus policy combines both a working hiatus and a complete hiatus. As soon as the system
becomes empty, the servers switch to a working hiatus. During a working hiatus, the servers operate
at a reduced service rate. Upon completion of the working hiatus and in the absence of waiting
customers, the servers enter a complete hiatus. Once the complete hiatus period concludes, the servers
resume normal operations and begin serving waiting customers. In the context of Bernoulli feedback,
the dissatisfied customer can re-enter the system to receive another service. By utilizing the Markov
recursive approach, we examined the steady-state probabilities of the system and queue sizes and other
queueing indices, viz. Average queue length, average waiting time, throughput, etc. Using the Quasi-
Newton method, a cost function is developed to determine the optimal values of the system’s decision
variables. Furthermore, a soft computing approach based on an adaptive neuro-fuzzy inference system
(ANFIS) is employed to validate the accuracy of the obtained results.
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1. Introduction

Queueing models with server vacations find extensive applications across various real-life sys-
tems such as telecommunications, data and voice transmission networks, and production sys-
tems. Over the past several decades, significant research efforts have been dedicated to these
models, resulting in comprehensive surveys and seminal works [4, 10, 16, 22] and references
therein.

One notable advancement in this area is the introduction of working vacation policies, where
servers continue to operate at reduced rates during vacation periods. This concept was first
proposed by [20], marking a pivotal development in queueing theory. Extensive literature has
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since explored various queueing models incorporating working vacations across diverse contexts
[1, 2, 8, 11]. Another significant scenario is queueing models with vacations under balking,
prevalent in manufacturing systems, call centers, and transportation networks. Recent re-
search has focused on multi-server systems with impatient customers under both multiple and
single vacation policies [16], bulk arrival queueing models with variant working vacation and
impatience [6], a finite-capacity discrete-time multi-server queue with synchronous single and
multiple working vacations, Bernoulli feedback, and impatient customers [25], and differentiated
working vacation policies with impatient customers in single-server queues [7].

In the realm of multi-server queueing models with vacation, two primary types exist: syn-
chronous vacations where all servers take vacations simultaneously [3, 5, 18], and asynchronous
vacations where servers take vacations independently [14, 17]. However, despite their practical
relevance, these systems are complex, and there remains a gap in their detailed analysis. In this
study, we introduce a novel operational policy known as the hybrid hiatus, as proposed by Vadi-
vukarasi and Kalidass [23]. This policy involves servers alternating between two operational
states: a working hiatus period, where they operate at reduced capacity, and a complete hiatus
period, where no services are provided. The decision to switch between these states depends on
real-time queue dynamics and system conditions. For instance, in a hospital emergency depart-
ment, during a working hiatus, the department operates with reduced staff. If patient demand
is low, the department may temporarily close until demand increases, or continue operating at
a reduced capacity if immediate care is needed. This policy aims to enhance resource efficiency
and responsiveness in dynamic service environments.

To tackle the complexities of these systems, intelligent systems like the Adaptive Neuro-
Fuzzy Inference System (ANFIS) have been employed. ANFIS integrates fuzzy logic with neural
networks to model nonlinear systems effectively. It has been widely applied for categorization,
prediction, control, and optimization tasks, including transient analysis in queueing systems.
Initially proposed by [15], ANFIS has made significant contributions to queueing theory [9,
12, 13, 21, 24], enabling researchers to compare analytical formulas with ANFIS-generated
numerical outcomes for enhanced system understanding.

In this investigation, we study a finite-capacity Markovian multi-server queue with balking
and feedback, governed by a hybrid hiatus policy consisting of a working hiatus and a complete
hiatus. When the system becomes empty, the servers transition to a working hiatus, where they
serve customers at a reduced rate. Upon completing the working hiatus and with no waiting
customers, the servers opt for a complete hiatus. Once the complete hiatus concludes, the
servers return to their normal operational state to serve waiting customers.Using the Markov
recursive approach, we analyze the steady-state probabilities of the system and queue sizes,
along with various queueing metrics such as the expected number of customers in the system
and queue, expected waiting times, expected balking rates, and probabilities associated with
different server states. We develop a cost function to optimize the system’s decision variables
using the Quasi-Newton method. Furthermore, we employ a soft computing approach based on
an adaptive neuro-fuzzy inference system (ANFIS) to validate the accuracy of our findings.

The structure of this paper is outlined as follows: Section 2 provides a model description and
associated mathematical assumptions. In Section 3, we establish the steady-state solution of
the model using the recursive method. Section 4 presents explicit formulas for queueing metrics
and discusses the ANFIS approach. In Section 5, we introduce the cost model formulation.
Section 6 includes numerical illustrations and discusses cost optimization. Finally, Section 7
presents general conclusions and perspectives.

2. Mathematical formulation of the model

We consider a finite capacity multi-server M/M/c/M queueing system with balking customers,
hybrid hiatus, and feedback. Key assumptions underlying this model include:
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• Customers enter the system following a Poisson process with rate λ.

• During normal busy periods, service times are exponentially distributed with rate β.

• Service times slow down during working hiatus periods, modeled by an exponential dis-
tribution with rate α (α < β).

• Customers are served based on the FCFS (First-Come-First-Served) discipline, and the
system has a finite capacity, denoted as M , with c servers.

• Upon arrival, a customer finds the system in one of several states: on hiatus (no servers
available), during a normal busy period, or during a working hiatus. The customer decides
to either join the queue with probability κ or balk with probability κ′ = 1− κ.

• A hybrid hiatus involves both a working hiatus (WH) and a complete hiatus (CH). When
the system becomes empty, servers transition to WH where they operate at a reduced
service rate. After completing the working hiatus and if there are waiting customers,
servers return to normal busy mode to serve them. If no customers are waiting, servers
move to a complete hiatus. Once the CH concludes, servers return to normal operation
to attend to any waiting customers.

• If a customer is dissatisfied with the service provided, they have two options: they can
leave the system with a probability q, or return later with a probability q′ = 1 − q.
Feedback customers returning later are treated as new arrivals in the system.

The introduced variables are independent of each other.

2.1. Practical motivations

Several key operational dynamics are explored in this study of an M/M/c/M queueing system
applied to a hospital emergency department scenario. Patients arrive according to a Poisson
process, seeking medical attention serviced with exponentially distributed times under normal
conditions (β), and slower times during working hiatuses (α < β). The department has a finite
capacity M , and patients may balk upon arrival if all treatment rooms are occupied, governed
by a probability κ. Hybrid hiatuses are implemented, where during working hiatus periods, the
department operates at reduced capacity and may transition to complete hiatus if no patients
are waiting. Otherwise, it will return to its usual busy state and start serving patients. Patients
dissatisfied with wait times or the quality of care can choose to leave (with a probability q) or
return later (with a probability q′ = 1 − q), treated as new arrivals upon their return. This
model provides insights into optimizing emergency department operations by managing patient
flow, resource utilization, and service quality in dynamic healthcare environments.

3. Steady-state Solution

Let us consider the bivariate process {(A(t), N(t)), t ≥ 0}, where A(t) denotes the number of
customers in the system at time t, and N(t) represents the state of the servers at time t, taking
one of three values: N(t) = 0 when the servers are in normal busy period at time t, N(t) = 1
when the servers are in working hiatus period at time t, and N(t) = 2 when the servers are in
complete hiatus period at time t.

The joint probability Pm,j = limt→∞ P{A(t) = m,N(t) = j, (m, j) ∈ Ω} denotes the steady-
state probabilities of the system. Figure 1 depicts the transition diagram of the considered
model.
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Figure 1: State transition rate diagram.

Using the principle of balance equations

λP0,2 = η1P0,1, m = 0, (1)

(λκ+ η2)P1,2 = λP0,2, m = 1, (2)

(λκ+ η2)Pm,2 = λκPm−1,2, 2 ≤ m ≤ M − 1, (3)

λκPM−1,2 = η2PM,2, m = M, (4)

(λ+ qβ)P1,0 = 2qβP2,0 + η1P1,1 + η2P1,2, m = 1, (5)

(λ+mqβ)Pm,0 = λPm−1,0 + (m+ 1)qβPm+1,0 + η1Pm,1 + η2Pm,2, 2 ≤ m ≤ c− 1, (6)

(λκ+ cqβ)Pc,0 = λPc−1,0 + cqβPc+1,0 + η1Pc,1 + η2Pc,2, (7)

(λκ+ cqβ)Pm,0 = λκPm−1,0 + cqβPm+1,0 + η1Pm,1 + η2Pm,2, c+ 1 ≤ m ≤ M − 1, (8)

cqβPM,0 = λκPM−1,0 + η1PM,1 + η2PM,2, (9)

(λ+ η1)P0,1 = αqP1,1 + qβP1,0, m = 0, (10)

(mαq + λ+ η1)Pm,1 = λPm−1,1 + (m+ 1)qαPm+1,1, 1 ≤ m ≤ c− 1, (11)

(λκ+ cqα+ η1)Pc,1 = λPc−1,1 + cqαPc+1,1, (12)

(λκ+ cqα+ η1)Pm,1 = λκPm−1,1 + cαqPm+1,1, c+ 1 ≤ m ≤ M − 1, (13)

(cqα+ η1)PM,1 = λκPM−1,1, (14)

The normalizing condition is

M∑
m=0

(Pm,0 + Pm,1 + Pm,2) = 1. (15)

Now, we present the solution of the equations above in the following theorem.

Theorem 1. The probabilities describing the system size in different operational periods, namely
the hiatus period (Pm,2), working hiatus period (Pm,1), and normal busy period (Pm,0), in the
steady-state are respectively expressed as follows:

Pm,2 = ΛmPM,2 = Λm

(
M∑

m=0

(Λm + θ1χm) +

M∑
m=1

(θ2Υm − δm)

)−1

, m = 0, 1, 2, ...,M, (16)
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Pm,1 = θ1χmPM,2, (17)

Pm,0 = (θ2Υm − δm)PM,2, (18)

where

Λm =



1, m = M,

η2

λκ , m = M − 1,

λκ+η2

λκ Λm+1, 0 ≤ m ≤ M − 2,

(19)

χm =



1, m = M,

cqα+η1

λκ , m = M − 1,

λκ+cqα+η1

λκ χm+1 − cqα
λκ χm+2, c ≤ m ≤ M − 1,

λκ+(m+1)qα+η1

λ χm+1 − (m+1)qα
λ χm+2, m = c− 1,

λ+(m+1)qα+η1

λ χm+1 − (m+2)qα
λ χm+2, 0 ≤ m ≤ c− 2,

(20)

θ1 =
λΛ0

η1χ0
, (21)

Υm =



1, m = M,

cqβ
λκ , m = M − 1,

λκ+cqβ
λκ Υm+1 − cqβ

λκ Υm+2, c ≤ m ≤ M − 1,

λκ+(m+1)qβ
λ Υm+1 − (m+1)qβ

λ Υm+2, m = c− 1,

λ+(m+1)qβ
λ Υm+1 − (m+2)qβ

λ Υm+2, 1 ≤ m ≤ c− 2,

δm =



0, m = M,

η1θ1+η2

λκ , m = M − 1,

θ1η1χm+1+η2Λm+1

λκ , c ≤ m < M − 1,

θ1η1χm+1+η2Λm+1

λ , m = c− 1,

θ1η1χm+1+η2Λm+1

λ , 1 ≤ m ≤ c− 2,

θ2 =
θ1(λ+ η1)χ0 − θ1qαχ1 + qβδ1

qβΥ1
, (22)

and

PM,2 =

(
M∑

m=0

(Λm + θ1χm) +

M∑
m=1

(θ2Υm − δm)

)−1

. (23)
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4. Metrics of system performance

▷ The probabilities associated with different server states–normal busy period, working hiatus,
and hiatus–are defined as follows:

Prb = PM,2

M∑
m=1

(θ2Υm − δm), (24)

Pwh = θ1PM,2

M∑
m=0

χm, (25)

Ph = PM,2

M∑
m=0

Λm. (26)

▷ The expressions for the expected number of customers in the system (Ls) and in the queue
(Lq) are defined as follows:

Ls = PM,2

[
θ2

M∑
m=1

mΥm −
M∑

m=1

mδm + θ1

M∑
m=1

mχm +

M∑
m=1

mΛm

]
, (27)

Lq = PM,2

[
θ2

M∑
m=c

(m− c)Υm −
M∑

m=c

(m− c)δk + θ1

M∑
m=c

(m− c)χm +

M∑
m=1

mΛk

]
. (28)

▷ The expected balking rate:

Br = λPM,2

[
θ2

M∑
m=c

κ
′
Υm −

M∑
m=c

κ
′
δm + θ1

M∑
m=c

κ
′
χm +

M∑
m=c

κ
′
Λm

]
. (29)

▷ The expressions for the expected waiting time of customers in the system (Ws) and in the
queue (Wq) are given by:

Ws =
Ls

λ′ , where λ
′
= λ−Br, (30)

Wq =
Lq

λ′ . (31)

4.1. Adaptive neuro-fuzzy inference system

The Adaptive Neuro-Fuzzy Inference System (ANFIS), as proposed in [15], combines the prin-
ciples of fuzzy logic and neural networks to create a powerful tool capable of modeling complex
systems. ANFIS operates on a multilayer architecture using Takagi-Sugeno fuzzy inference
rules, allowing it to handle multiple inputs and outputs simultaneously with the aid of fuzzy
parameters. This approach enables ANFIS to dynamically learn and interpret intricate patterns
in both linear and nonlinear relationships. By employing Gaussian functions for membership
and utilizing Sugeno-type systems, ANFIS constructs fuzzy if-then rules that are trained using
paired input-output data. This training process ensures ANFIS can swiftly adapt and opti-
mize its performance across diverse applications, including telecommunications, atmospheric
research, and traffic management.
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5. Cost optimization

To construct the cost model, we consider the following cost elements associated with various
events:

• Crb− cost per unit time when the servers are in normal busy period,

• Ch− cost per unit time when the servers are in working hiatus period or on hiatus period,

• Cr− cost per unit time when a customer balks,

• Cβ (resp. Cα)− cost per service per unit time during normal busy period (resp. during
working hiatus period),

• Cs−f− cost per service per unit time for a feedback customer,

• Cb− fixed purchase cost of the server per unit.

Our primary objective is to define the total expected cost per unit time for the system in this
context:

G(β, α) = CrbPrb + Ch(Pwh + Ph) + CrBr + cβCβ + cαCα + cq
′
(β + α)Cs−f + cCb.

6. Numerical simulation

This section centers on the numerical evaluation of diverse performance metrics within the
proposed queueing model, accomplished through parameter variation. It further illustrates
how practitioners can effectively utilize and interpret the resultant findings.

6.1. Performance metrics analysis

In this part, we obtain some various performance measures of interest that are computed under
different scenarios by using a MATLAB program.

(η1, η2) Ls Prb Pwh Ph

(0.5,0.6) 3.1363 0.6283 0.3586 0.0131

(0.6,0.7) 3.0172 0.6695 0.3161 0.0144

(0.7,0.8) 2.9379 0.7022 0.2824 0.0155

(0.8,0.9) 2.8832 0.7286 0.2550 0.0164

(0.9,1.0) 2.8445 0.7505 0.2323 0.0172

Table 1: Impact of working hiatus and hiatus rates (η1, η2) when λ = 6, κ = 0.4, β = 2.5,
α = 1, c = 3, M = 12, q = 0.7.

κ Ws Lq Br

0.1 0.7328 0.0488 1.2949

0.3 0.7711 0.2189 1.1412

0.5 0.8288 0.5123 0.9164

0.7 0.8983 0.9291 0.6146

0.9 0.9787 1.4841 0.2304

Table 2: Impact of non-balking probability κ when λ = 6, η1 = 0.5, η2 = 0.8, β = 2.5, α = 1,
c = 3, M = 12, q = 0.7.
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Figure 2 presents the Gaussian function used to select fuzzy input parameters, like λ, β, α.

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ

D
e
g
re
e
o
f
m
e
m
b
e
rs
h
ip

(a)

2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

β

D
e
g
re
e
o
f
m
e
m
b
e
rs
h
ip

(b)

0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

α

D
e
g
re
e
o
f
m
e
m
b
e
rs
h
ip

(c)

Figure 2: ANFIS membership function for input variables λ, β and α.
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Figure 3: Impact on Lq of α by varying λ.
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Figure 5: Impact on Lq of λ by varying c.

Table 1 illustrates that by increasing the working hiatus rate η1 and hiatus rate η2, the
system tends to transition more quickly to the normal busy period, increasing the probability
of the system being in a normal busy state and decreasing the probability of a working hiatus.
Consequently, this results in a decrease in the mean number of customers in the system. Simul-
taneously, the probability of entering a complete hiatus state increases. This trend is observed
as η1 and η2 are jointly increased, with η2 being smaller than η1.

Table 2 investigates the influence of non-balking probability κ on key performance metrics
in a queueing model under fixed parameter settings. As κ increases, the expected waiting time
Ws in the system tends to increase, indicating longer waits for customers. Concurrently, the ex-
pected number of customers in the queue Lq also rises, reflecting an accumulation of customers
waiting for service. Interestingly, the expected balking rate Br decreases as κ increases, suggest-
ing that higher probabilities of customers entering the system lead to fewer customers choosing
to leave without service. These insights underscore the critical role of non-balking probability
in shaping customer experience and operational dynamics within the queueing system.

From Figures 3 to 5, we explore the nuanced impacts of key parameters on the average queue
length Lq and compare these insights with results derived from the ANFIS model. Figure 3
demonstrates a reduction in Lq as the service rate during working hiatus periods increases,
whereas increasing the arrival rates leads to an increase in Lq. Additionally, Figure 4 reveals
a decrease in Lq with increasing service rates during normal busy periods, while a decrease in
balking probability results in higher Lq. In Figure 5, we observe a rise in Lq with increased
arrival rates, whereas increasing the number of servers leads to a decrease in Lq. Comparing
these findings with ANFIS model predictions shows a close alignment between both approaches,
indicating the reliability and accuracy of the ANFIS model in simulating queue dynamics and
validating analytical results.

6.2. Optimal numerical cost

This section aims to determine the optimal service rates β and α that minimize the expected cost
function. Due to the complex and non-linear nature of this optimization problem, analytical
solutions are impractical. Therefore, we employ advanced nonlinear optimization techniques,
specifically the Quasi-Newton method (QNM), to find the optimal values (β∗, α∗) under fixed
parameter conditions within the cost model framework.
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The optimization problem is formulated as follows:

min
β,α

G(β, α)

s. t.

{
β > α

α > 0.

In what follows, the optimal solutions are given by applying the QNM for various system
parameters. To do this, we fix the parameters as: Crb = 80, Ch = 60, Cr = 50, Cβ = 1,
Cα = 1, Cs−f = 1, Cb = 1.

λ β∗ α∗ G∗(β∗, α∗)

7 5.2308 4.6689 149.6463
7.5 5.5459 5.0649 155.2061
8 5.8278 5.4562 160.7644
8.5 6.1411 5.8804 166.3211
9 6.4199 6.2789 171.8748

Table 3: The optimal (β∗, α∗) and G∗(β∗, α∗) for various values of λ when κ = 0.4, η1 = 0.6,
η2 = 1.1, c = 4, M = 10, q = 0.7.

c β∗ α∗ G∗(β∗, α∗)

2 9.1250 8.0762 165.4715
3 6.2465 6.1956 151.7746
4 4.9263 4.2588 144.0853
5 4.0254 3.0062 139.3775
6 3.3214 2.1391 136.3725
7 2.7058 1,3942 133.9343

Table 4: The optimal (β∗, α∗) and G∗(β∗, α∗) for various values of c when κ = 0.4, η1 = 0.6,
η2 = 1.1, λ = 6.5, M = 10, q = 0.7.

Table 3 illustrates the optimal values (β∗, α∗) and corresponding objective functionG∗(β∗, α∗)
for different arrival rates λ in a specific queueing model. With fixed parameters κ = 0.4,
η1 = 0.6, η2 = 1.1, c = 4, M = 10, and q = 0.7, the results show that as λ increases from 7 to 9,
both β∗ and α∗ also increase. This indicates that higher arrival rates necessitate larger values of
β and α for optimal system performance. Furthermore, G∗(β∗, α∗) increases with λ, reflecting
improved system performance metrics associated with higher arrival rates. The findings provide
critical insights into optimizing queueing systems under varying demand conditions.

From Table 4, increasing the number of servers results in lower minimum costs and service
rates, indicating that reducing the server count would be costly. The study optimizes (β, α)
and evaluates G across various c values in a finite-capacity Markovian multi-server queue with
balking and feedback. Optimal (β∗, α∗) values decrease as c increases, suggesting adjustments
to maintain efficiency and customer satisfaction. G∗ decreases with higher c, showing enhanced
system performance under these conditions, offering strategic insights for managing queueing
systems effectively.
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7. Conclusion

In this investigation, we explored a finite-capacity Markovian multi-server queue with balking
and feedback mechanisms, governed by a hybrid hiatus policy integrating both working and
complete hiatus periods. We examined the effectiveness of this policy as servers transitioned
from normal operations to a reduced service rate during working hiatus periods, followed by a
complete hiatus when no customers were waiting. Once these hiatus concluded, servers resumed
normal operations to attend to waiting customers. Using the Markov recursive approach, we
analyzed the system’s steady-state probabilities and queue metrics, including key measures
such as the expected number of customers in the system and queue, expected waiting times,
expected balking rate, and probabilities associated with different server states. To optimize
decision variables within the system, we developed a cost function implemented through the
Quasi-Newton method. Additionally, we validated our results using a soft computing technique,
specifically an adaptive neuro-fuzzy inference system (ANFIS), to ensure the robustness and
accuracy of our findings. These comprehensive analyses and methodologies provide valuable
insights into enhancing operational efficiency and customer satisfaction in complex queuing
environments.

The model discussed in the paper can be extended to address more complex scenarios, such
as an unreliable multi-server queue with heterogeneous customers, which introduces additional
layers of complexity to the problem. Furthermore, the exponential assumptions can be relaxed
by incorporating phase-type distributions for service times. These extensions would broaden
the applicability of the model, allowing for more realistic simulations and analyses in diverse
queueing environments.
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