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Abstract. A bilevel programming problem (BLPP) is a hierarchical optimization problem
where the constraint region of the upper level is implicitly determined by the lower level
optimization problem. In this paper, a bilevel programming problem is considered in which
the objective functions are linear fractional and the feasible region is a convex polyhedron.
Linear fractional objectives in BLPP are useful in production planning, financial planning,
corporate planning and so forth. Here, the cost coefficient of the objective functions are
multi-choice parameters. The multi-choice parameters are replaced using interpolating po-
lynomials. Then, fuzzy programming is used to find a compromise solution of the transfor-
med BLPP. An algorithm is developed to find a compromise solution of BLPP. The
method is illustrated with the help of an example.
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1. Introduction

The bilevel programming structure is a class of hierarchical problem that shows
a two stage decision making process when the constrained region of the first level
problem is implicitly determined by another optimization problem [3].

BLPP has been used by researchers in several fields ranging from economics to
transportation engineering. BLPP is also used to model problems involving mul-
tiple decision makers. These include traffic signal optimization [17], structural
design [19] and genetic algorithms [8].

Most of the extreme point algorithms are applied to the solution of a linear BLPP.
Every linear bilevel programming problem with a finite optimal solution shares
an important property where the optimal solution is attained at an extreme point
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of the constraint region. This result was first established by W. Candler and R.
Townsley [9]. Afterwards, W. Bialas and M. Karwan [7] proved it to be true under
the assumption that the constraint region is bounded.

2. Theoretical background

Bilevel linear fractional programming problems are used to represent various
decision making situations. Indices such as inventory/sales, output/employees,
profit/cost are important in evaluating economic activities. Therefore, models that
can effectively handle such fractional objectives are preferred.

The linear fractional bilevel programming problem is mathematically stated as
(BLFPP) [4]:

¢, X, +¢,X, +q
d11)<1 + dlZXZ + Bl

Max f,(X,,X,) =
Xl

where X, solves

C, X, +¢,X, + 0,

d21X1 + d22X2 + Bz

Ng(ax f,(X,X,) =

subject to

AX +AX,=b

X, eR™", X, eR™
T 4T T 4T n. T 4T T 4T 1,
¢, 4y, ¢y, dy €RY; ¢y, dyy, €5, dyy €R

A eR™ A, eR"™ beR"and o, a,, B,,B, eR

Here,
(d,, X, +d,,X, +B,)>0and (d, X, +d,, X, +B,) >0 V(X,,X,) S,

where

S={(X,,X,): A, X, +A,X, =b}.

Here, S is non-empty and compact.

In the bilevel linear fractional programming problem defined above, each of the
objective functions at both the levels are linear fractional. Therefore, they are
both pseudoconcave and pseudoconvex, and thus its optimal solution will be at
an extreme point of S.

The concept of fuzzy mathematical programming at a general level was introduced
by Tanaka et al. [18] in the framework of fuzzy decision of Bellman and Zadeh
[6]. Thereafter, the fuzzy programming approach to linear programming with seve-
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ral objectives was introduced by Zimmermann in 1978 [20]. In the recent past,
Mohamed [15] investigated some new fuzzy programming forms by using the con-
cept of a conventional goal programming approach which was further studied by
Pal and Moitra [16]. Lee and Shih [11] proposed an interactive fuzzy approach to
multilevel decision making problems. Mahmoud [1] in 2001 developed a fuzzy
max-min decision model for solving the bilevel non-linear multiple objective
decision making problem.

The multi-choice programming problem (MCPP) belongs to the non-convex
mathematical programming problem. MCPP was originally devised by Healy Jr.
in 1964. MCPP has many applications in decision making problems in the field
of integer programming and combinatorics [14]. S. Acharya and M.P. Biswal [2]
in 2015 presented a case study of a garment manufacture company demonstrating
the application of MCPP. Chin Nung Liao et al. [12] applied multi-choice model
to the management system.

In this paper, a linear fractional bilevel programming problem with multi choice
parameters, BLEMCP is considered. The objective functions at both levels have
multi-choice cost coefficients. The concept of interpolating polynomials is used
which converts BLEMCP to a mixed integer quadratic fractional programming
problem, BPPLIP. A fuzzy programming algorithm is proposed to find a solution
which satisfies both decision makers of BPPLIP. Chang in 2008 [10] and Liao in
2009 [13] introduced different solution procedures to reduce the problem with
multi-choice parameters to a mixed integer programming problem.

3. Methodology to solve a multi-choice programming problem

In a multi-choice programming problem, multiple choices for a parameter are
available to the decision makers. This model utilizes appropriate resource from a
given set of multiple resources. In this paper, we deal with the objective functions
which have multi-choice cost coefficients at both levels. For this, we use
interpolating polynomials. By applying this method, the problem with multi-
choice parameters is reduced to a mixed integer programming problem. Then,
fuzzy programming is applied to find the compromise solution which satisfies both
the decision makers.
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3.1 Mathematical formulation

Mathematically, a bilevel linear fractional programming problem with multi-choice
parameters is defined as
(e, c®, ..., - (e, ....,cl? .
@, d?,..,.d") " (d?, d,....d")
(6,e2, ™)
@, d?, ... d"wy "
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where X = (X3, Xs) = (x1, ..., Xu) € S".

Here, S = {X | AX = b} is non-empty and bounded.

We have, t; (j = 1, ..., n) are multi-choices for the jth parameters c;and d;.
Also, si( k = 1., ..n) are the choices for the k-th parameters px and qi. Also,

M 4@ (t) _—
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3.2. Solution procedure for BLFMCP
To solve BLFMCP, we use interpolating polynomials [5].
3.2.1. Interpolating a polynomial of degree n

In order to find a polynomial P,(x) for which deg (P,) < n, passing through the
data points (XO, yo), (Xl, Y, ),....,(Xn, yn) , the solution is given by Lagran-

ge's formula,
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P.(x) =y, Ly () +y, L (x) ... +y,L, (x)
X=X,
where L, (x) =H( ! J, k=0,1,..,n;i=0,1..n (1)

izk \ X 7X

1

Here, in this formula, each such function is a polynomial of degree n. Also,
1, i=k

L“XJ:{O £k

Using these properties, it follows that the formula
P.(x)=y,Lo(x) +y,Li(x) +....+ ¥, L, (%)
satisfies the interpolating problem for finding a solution to

deg(P,)<n and P, (x,)=y; 1=0,L....,n.

3.2.2. Interpolating polynomial for the problem BLFMCP

Consider the problem BLEMCP with objective functions having multi-choice cost
coefficients at both levels. In order to deal with the multi-choice parameters c;(j
=1, ...n) in the numerator at the upper level, we use Lagrange interpolation. For
this, we introduce an integer variable w; which takes a t; number of values
(Wj =0,L.....t; - 1). We formulate a Lagrange interpolating polynomial

fCj (WJ) which passes through all the t; number of points, as

_ (wj —1)(Wj - 2)....(Wj -t +1) O wj(wj —2)....(wj -t +1) @

£ (w)) . s
o D" (t, =1 ! (=D (¢ - 2)! !
w.(w. —D..(w,—t.+1) w.(w. —D(w. =2).... (W, —t. +2) .
J@gﬂynlgﬂ 04— &—D'J T B
] . j .

Similarly, we deal with the multi-choice parameter d;(j = 1, ....n) in the denomi-
nator at the upper level. Upon introducing an integer variable v; which takes t;
number of values (vi =0, 1, ....t— 1), we get a Lagrange interpolating polynomial
fdj (v j) which passes through all the t; number of points, and we get
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(v =DV = 2)(vy -t + 1) 40 4 Vi(v;=2).(v; -t +1) 4o

f (v.)=
() D" (t, - 1)! J (=D (t, - 2)! !
(v.=Do(v, -t +1 (v.=De(v, =t +2)
+VJ(VJ tjl ;- )d§3)+....+VJ(VJ ) _(VJ' - )dﬁj),j=1,2,....n.
(=)' 21(t, - 3)! (t,~1)!

Similarly, for the lower level problem Z(X), introducing the integer variables z;
and y; which take s; number of values (z; =0, 1, ...,s— 1) and (y; =0, 1, ..., si— 1)
respectively, we can define the Lagrange interpolating polynomial,
fpi(Zj) and qu(Yj) respectively.

Introducing interpolating polynomials in the numerator and denominator of the
problem BLFMCP is reduced to the mixed integer quadratic fractional
programming problem (BPPLIP), defined as

L fc. (W )
(BPPLIP): MaxZ,(X)=> | 1— |x,
X =1 fdj (Vj)
L (1, (2)
Max Z,(X) = Z L2 I X for a given Xi.

= qu (y))
where X e 8", S"={X|AX =b}. Also,

0<w, <t -1, 0<v, <t -1 2)
0<y,;<s;-1, 0<z;<s;-1

w;,z,€Z"U{0}, j=1,...n; v,,y,€Z", j=1,..n.

We want to find the solution of the above problem which satisfies both the decisi-
on makers. For this we need to find a compromise solution which can be obtained
using fuzzy programming approach.

3.3. Fuzzy programming approach to linear fractional bilevel
programming problem

Consider the problem BLFMCP. In order to apply fuzzy programming to
BLFMCP, construct the fuzzy membership functions. Solve Z:(X) subject to the
constraint (2). Let its individual best and worst solution be Z;’ and Z" respect-
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tively. This data can be used to define the membership function for the upper
level problem.

1 ,  Z,X)>Z!
Z,(X)-Z/ w
WZ, (X)) = ﬁ , 2y £Z,(X)< Z?
Zl - Zl
0 . Z,(X)<zZ"

Let 7\,1 be the minimum acceptable degree of satisfaction for the upper level problem

Z1(X). Again, let Zg and Z) be the best and worst solutions of Z(X).

Define the membership function for Z,(X) as

1 ., Z,X)>7Z}
Z,(X)-7Z; w
WZ, (X)) =12 2y <Z,(X)<7Z;
Z2 - Zz
0 . Z,X)<Zy

Let 7\‘2 be the minimum acceptable degree of satisfaction for the lower level
problem Z»(X).The solutions so obtained after solving the upper level and lower level
problems are different since the objective function at both the levels are conflicting in
nature. Since the leader controls the decision variable X, therefore to get the
compromise solution for both the decision makers at two levels, the leader has to give
the range for X;. Let t; and t» be the maximum and minimum tolerance limits for X;.
Define the membership function for X; as

X (X[ -ty
t2
wX,) =

(XlF + t1) _Xl
tl

, X —-t, <X, <X]
, X <X, <X+t

Let A3 be the minimum acceptable degree of satisfaction of the decision variable
X1
Let & =min(A,, A,,A;).
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In order to generate the satisfactory solution for the problem BLFMCP which is
also a pareto optimal solution with overall satisfaction for all decision-makers, sol-
ve the following Fuzzy Programming Problem (FPBLFPP) defined as

(FPBLFPP): Max &
subject to W(Z,(X)) =0

W(Z, (X)) > & ®
h(X,) > 8
X eS~.

0 SWJ’SEJ’— 1, 0 SVJ’Stj— 1, J = 1, w1l
0 Sijsj— 1; 0 SZJ’SSJ’— 1, J = 1, .1
wi, zie Z'O {0}, j=1,..n; vjy;e Z" ,j =1, ...n;8¢e [0, 1].

4. A methodology to solve linear fractional bilevel program-
ming problem with multi-choice parameters (BLFMCP)

Consider a bilevel linear fractional programming problem with multi-choice para-
meters, BLEMCP. In this problem, the cost coefficients of the objective functions
at both levels are multi-choice. In order to solve BLEFMCP, the objective functions
at both levels are dealt using interpolating polynomials. Using Lagranges
interpolation, the BLEFMCP problem is converted to a mixed integer quadratic
fractional programming problem, BPPLIP. The transformed BPPLIP problem is
solved using a fuzzy programming approach. For this we need to construct
membership functions of the objective functions at both levels, that is, for Z;(X)
and Zs(X) The membership function is also defined for the variables controlled by
the leader. By constructing membership functions, the fuzzy programming
problem FPBLFPP is formulated. The FPBLFPP problem is solved to obtain a
satisfactory solution for BLFMCP. The algorithmic approach is described in
Figure 1.

Consider the problem BLEMCP
4

Use Lagrange's Interpolating polynomial to
convert problem BLFMCP to BPPLIP
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\

Find Z;, Z)', Z5 and Z}

!

variable controlled by the leader.

Construct membership functions for Z(X), Z2(X) and X, the

{

with multi-choice parameters

Formulate the fuzzy programming problem FPBLFPP
for Bilevel Linear fractional programming problem

{

Solve the FPBLFPP problem

{

The solution so obtained is a satisfactory

solution for BLEMCP

507

Figure 1: Algorithm for solving Linear Fractional Bilevel Programming Problem with

Multi-choice Parameters

5. An illustrative example

A company manufactures three products A, B and C. It transports the products
to different markets, My, Ma, M3 and My. The production cost consists of the
material cost, labour cost, storage, transportation etc. The company aims to
invest in one product on a single market. For this, the company wants to find out
its profit/cost ratio and output/employee ratio for an individual product. During
production, the company has the following requirements for running its produc-

tion cycle.
Requirements A B C Availability
Material 1 2 0 1 20
Material 2 4 5 0 18
Material 3 1 2 2 15

Table 1: Production cycle requirements

Moreover, the company is making a profit of 32 units on product A in market M;,
31 units in My, 34 units in Ms and 30 units in M,. In addition, it has incurred a
cost of 8 units for its products in M;, 12 units in M,, 10 units in M3 and 7 units

in 1\/14
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A B C
Profit (32,31, 34, 30) | (33,29, 31) 27, 25, 26)
Cost (8, 12, 10, 7) (7,9, 6) (9, 11, 10)
Output (16, 19, 20, 17) | (23, 19, 21) (17, 15, 16)
No. of employees (9, 8,10, 7) (8,4, 3) (9, 11, 10)

Table 2: Data for markets A, B and C

Solution: Let xi, X2, x3 be the number of units of products A, B and C
respectively. Let Z; denote the profit / cost ratio and Z, be output / employee's
ratio.

A bilevel linear fractional programming problem with multi-choice parameters is
given by

(32,31,34,30)  (33,29,31)  (27,25,26)
xl + X2 + X3
(8,12,10,7) (7,9,6) (9,11,10)
(16,19,20,17)  (23,19,21)  (17,15,16)
X + Xy + X3
(9,8,10,7) (8,4,3) (9,11,10)

(BLFMCP):  Max Z,(x) =

Max Z,(X) =

subject to

2x, +x, <20
4x, +5x, <18
X, +2x,+2x, <15

X5 Xy, X320

We introduce integer variables w, (j=1,2,3)and v, (j=1,2,3)in the upper
level problem and integer variables z,(j =1,2,3) and y;(j =1,2,3) in the lower
level problem. Using interpolating polynomials, BLFMCP can be written as
(BPPLIP):

20 15 11
32w W = W a3 g g2
Max Z, = - 2 -

+
26 11, 5, " 9 5, |7

e 8+?v1 SN +gv1 7+5v2—5v22
27-1—§w3 +%w32
+ X3

7 3
9+EV3 _EV32
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01, 173,

A7 23-7z, 433 |, 17==2+25
X.

n_ 3, |" 7 3,

8_3)’2"'5)’2 9+5y3_5y3

X3

subject to constraints (4)

Using Lingo 15.0, solve the upper level problem Z; and lower level problem Zs,
individually subject to the constraints (4).

The solution obtained in this way is Max Z; = 51.25 with x; = 4.5, xo = 0, x3 =
5.25.

Max Zo = 31.44 with x; = 0, xo = 3.6, x3 = 3.9. Using the above data, the fuzzy
programming problem FPBLEFPP is defined by

(FPBLFPP):

Max &
subject to  u(Z,(X))=9d
WZ (X)) 25
H(x,) 26
H(x,) 20
X,%,y,%, 20
0<w,z <3, 0<w,,z,<2, 0<w,,z,<2
0<v,» <3, 0<v,»,<2, 0<v,,y,<2

W,z €eZ U0} j=123, v, g eZ"; j=12,3; 5€[0,1]

It can be rewritten as
(FPBLFPP): Max &
subject to  u(Z,(X))=51.256

u(Z,(X))=31.440
3.6—x, 55
3.6
x,—3.5
1.35

20
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7.5-x, 55
225
0<w,z <3 0<w,z<2 0<w,z;,<2

0<v,» <3, 0<v,»,<2, 0<v,,y,<2

W,z eZ ui0}; j=12,3, Vi, ¥, eZ"; j=12,3; 6€[0,1]

Thus we have

FPBLFPP): Max &
( )
32—§W1+EW12—£W13 33 32
subject to 2 6 X, + M X
: 26 I, 5, ! 9 » |77
8+ —v——v +—V T+—v, ——V,
3 2 6 2 2
27+§w3+§w32
+ % X, 251256
9+5V3—EV32
10 1 17 3
16+?ZI—EZI3 23_72 +322 17—?23 +EZ32
Y| |, | ——=——~5— |x, 231446
o1yt 8-y, 252 94 Ly =2y
67 27" 37 270 277 270 27
X, +3.60<3.6
X, +2256<7.5
x;—1.35623.9
X, %,,%, 20

0<w,z, =23, 0Sw,, 2,<2,05w,, z,<2,0<vy,y, <3,0<v,, y, <2,
OSV3, V3 <2 Wi, Wy, Vi, V), 2,25, 0, 0, €Z

In solving the above problem using Lingo 15.0, we have Max & = 0.7272, x,=3.27,
xo = 0.981 and x3 = 4.88. The company wants to invest in one product for a single
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market, so that the leader and follower can maximize their profitability ratio and
output / employee ratio in that particular market.
Now, for the leader, we have

Z.(X)= (32,31,24,30) (3.27)+ (33,29,31) (0.981) + (27,25,26) (4.88)
(8,12,10,7) (7,9,6) (9,11,12)
= (4.258, 3.4, 4.286) + (4.714, 3.22, 5.167) + (3, 2.272, 2.6) (5)
Again, for the follower, we have
Z,(X) = (16,19,20,17) (327)+ (23,19,21) (0.981)+ (17,15,16) (4.89)
(9,8,10,7) (8,4,7) (9,11,10)

= (1.778, 2.375, 2, 2.429) + (2.875, 4.75, 7) + (1.889, 1.364, 1.6)  (6)

From (5) and (6), we observe that the company should invest in market My for
product A, in market M; for product B and in market M, for product C.

6. Conclusions

In this paper, a bilevel linear fractional programming problem is considered in
which the cost coefficients of the objective functions at both the levels are of
multi-choice. The multi-choice parameters are replaced by interpolating polyno-
mials. The problem is converted into a fuzzy programming problem by defining
the membership functions for the leader, the follower and the variables controlled
by the leader. A satisfactory solution is obtained after solving this fuzzy program-
ming problem. By using the traditional approach for solving BLEMCP, the size
of the problem becomes large and complex. By using the above explained method,
the problem requires less computational work and can be further solved by using

software like LINGO.
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