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Abstract. The fuzzy analytic hierarchy process (AHP) is an extension to the classical 
AHP that enables dealing with the impreciseness and vagueness of judgments. It has been 
frequently used for handling complex decision making problems that demand a group 
rather than a single decision maker. Group decision making aggregates the judgments of 
individuals into a joint decision. Although consensus is the desired result in group decision 
making, it is difficult to achieve due to the diversity of opinions, knowledge and experiences 
of the decision makers. Therefore, the concept of soft consensus can be applied. We propose 
a new soft consensus based model for fuzzy AHP group decision making. The judgments 
in the model are presented as triangular fuzzy numbers. The closeness between judgments 
of two decision makers is measured by the individual fuzzy consensus index which in turn 
is based on the compatibility index from classical AHP. In each iteration, two decision 
makers with the most dissimilar opinions are identified and their judgments are adapted. 
The process is repeated until the desired consensus level is reached. The model can also 
take into account the weights of importance of individual decision makers. A fuzzy 
extension of the geometric mean method is employed for deriving fuzzy weights from a 
group fuzzy pairwise comparison matrix. The application of the model is provided in an 
example from the literature. 
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1. Introduction 
 
The analytic hierarchy process (AHP) [1] is a multi-criteria method that has been 
frequently used to handle complex decision making problems [2-9]. It is based on 
a hierarchical structure. Besides classical AHP, where a 1-9 scale is applied, fuzzy 
AHP [10] which combines the classical AHP and the fuzzy set theory is often used 
in applications. Fuzzy AHP should be applied when the pairwise comparisons are 
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imprecise because decision makers are unable to make exact preferences due to 
some unclear and indefinite information in the decision making process [11]. 
Complex and comprehensive problems often, rather than a single decision maker, 
demand a group of decision makers with various experiences, expertise and 
perspectives. In group decision making process individual judgments are 
aggregated into group decisions. There are several possibilities as to achieving the 
joint decision [12, 13]. Consensus is the most desired result that can be reached 
through an iterative dynamic process. In each round, decision makers adapt their 
preferences according to advice given by a moderator or the results of the 
consensus model. There are several consensus models in classical AHP [14-20]. 
However, consensus is difficult due to a diversity of opinions by the decision 
makers. Therefore, the soft consensus [21, 22] is one possibility in overcoming the 
demand for complete agreement between decision makers.  
The aim of the paper is to propose a new model for aggregating individual fuzzy 
judgments into a group of fuzzy judgments. In the iterative process, a soft 
consensus between decision makers is reached. First, we provide the necessary 
groundwork of fuzzy AHP. Then, we present new definitions and the algorithm 
of the new model. The model is applied to a known numerical example from the 
literature. Finally, some conclusions are provided. 
 
2. Fuzzy AHP 
 
AHP is based on the pairwise comparisons of objects on the same hierarchical 
level. In fuzzy AHP, linguistic terms such as equally important, slightly more 
important, moderately more important, strongly more important, etc. are used to 
express the pairwise comparisons. The linguistic terms are represented by the 
membership functions, most often of triangular or trapezoidal shape. In the paper, 
triangular fuzzy numbers (TFNs) (1) will be applied.  
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There exist several different definitions of membership functions for the triangular 
fuzzy scale in the literature [23]. The triangular fuzzy scale that was used in our 
example is presented in Table 1. 
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Linguistic terms Triangular fuzzy scale 
Equally preferable (EQ)  (1,1,1) 
Slightly preferable (SP) (2/3,1,3/2) 
Fairly preferable (FP) (1,3/2,2) 

Extremely preferable (EP) (3/2,2,5/2) 

Absolutely preferable (AP) (5/2,3,7/2) 

Table 1: Triangular fuzzy scale 
 
In applying the extension principle [24] to arithmetic operations, it is then possible 
to define fuzzy arithmetic operations.  
Pairwise comparisons in fuzzy AHP are presented in the fuzzy comparison matrix:  
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The weights w  1,...,,i i n  derived from the fuzzy comparison matrix are fuzzy 
or crisp. Among the many methods for deriving weights from the fuzzy comparison 
matrix found in the literature [10, 25-27], the extent analysis method [28] and its 
improved version, a modified extent analysis method [29-33], is the most popular. 
Their resulting weights are crisp. Its main drawback is that it may produce 
illogical zero weights [29]. In the paper, we use a fuzzy extension of the geometric 
mean method that was first introduced by Buckley [25] and later corrected by 
Enea and Piazza [34] (3). 
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The middle values of the weights are normalized geometric means of the i-th row 
of the middle values. The lower and the upper values of the weights are calculated 
according to the extension principle for the continuous functions.  
 
3. Model 
 

In the group decision making, individual TFN judgments are aggregated into the 
group TFN judgments and gathered into the group comparison matrix 

 

 group group
ij n n

A a


 ,  , m , ugroup group group group
ij ij ij ija l . 

 

We present a new soft conse-nsus model for aggregating individual TFN 
judgments into the group TFN judgments. It is an extension to the fuzzy AHP of 
the peer-to-peer consensus reaching model [35], which is suitable for classical AHP.  
First we extent the compatibility index [36] to fuzzy AHP. 
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Definition 1. Let   ( ) ( ) ( ), m , u ,p p p
ij ij ijp

n n
A l


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 be 

two fuzzy comparison matrices. Then, their fuzzy compatibility index is defined 
as  
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If pA  and qA  are crisp comparison matrices with ( ) ( ) ( )m up p p
ij ij ijl    and  

(q) (q) (q)m uij ij ijl   , then    , ,f qp p qc A c AA A , where  , qpc A A  is a 
compatibility index of crisp comparison matrices. The compatibility index measu- 

res the compatibility or closeness of the fuzzy comparison matrices pA   

and qA .  
We employ the fuzzy compatibility index for measuring compatibility (closeness) 
between the opinions of two decision makers.  
 

Definition 2. Let pA  and qA  be fuzzy comparison matrices of decision makers 

 pDM  and qDM . Then, the individual fuzzy consensus index (IFCI) between 

 decision makers pDM  and qDM  is defined as 
 

                                  ,pq f qpIFCI c A A .              (5) 

 
The individual fuzzy consensus index holds the following properties: 
 

1. 1pqIFCI   

2. Symmetry: pq qpIFCI IFCI  

3. Reflexivity: 1ppIFCI   
 

If pDM  and qDM  made similar judgments, they are more compatible, their 
fuzzy comparison matrices are close and pqIFCI  is close to 1. The more the judge- 

ments of pDM  and qDM  differ, the farther  pqIFCI  is from 1. If we require co- 



212                                     Petra Grošelj and Lidija Zadnik Stirn 

nsensus, than pqIFCI  should equal 1 for all pairs of decision makers pDM  and  

qDM . Since we developed a soft consensus model, we set a threshold value 1   
 

Definition 3. [35] Decision makers pDM  and  qDM  have acceptable consensus 
amongst each other if 

                                           pqIFCI  .                                          (6) 
 
In classical AHP with crisp judgments, 1.1  [36] or 1.01   [35] is most often 
set. The threshold value   depends on the particular problem we are dealing with 
[35]. In fuzzy AHP, it depends on the TFN scale that is used. When using the 
TFN scale from Table 1, where 3.5 is the highest possible value, the threshold 
should be lower compared to the case of TFN where the highest value is 9. In 
addition, the initial degree of consensus between decision makers influences the 
threshold. If the initial degree of consensus between decision makers is higher, the 
threshold may be lower. In the case when the initial degree of consensus between 
decision makers is low, it is hard to expect that they will reach a very low 
threshold. We propose to set the initial threshold at 1.1  . If the initial IFCIs 
are all near the threshold, we could lower the threshold. 
In our model, soft consensus between decision makers is reached using an iterative 
process. In each step, two decision makers with the highest disagreement amongst 
each other (with the highest IFCI) adapt their judgments. The process is repeated 
until all IFCIs are less or equal to the selected threshold .  
Here we present the algorithm of the process in four steps: 
 
Step 1. Set the number of iterations to zero (t=0) and define the threshold value  

 . Denote individual fuzzy comparison matrices 0 ,  1,...,kA k m  of decision ma- 

kers 1,..DM .,DMm and the set of all pairs of decision makers 

              1 2 1 m m-1 m,DM ),...(DM ,DM ),...,(DM ,,(D )M DMP  .  

Then, specify the weights of importance of decision makers 1 2, ,..., m  , since it 
is not necessary that all decision makers are equally important because they may  

have different knowledge, experiences and ranks. Set 1/k m   if all decision 
makers are equally important. 
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Step 2. Calculate t
pqIFCI  for all ( , )qpDM DM P . If t T  or t

pqIFCI    

for all ( , )qpDM DM P  then go to Step 4.  Otherwise, continue to Step 3. 

Step 3. Identify two the most incompatible decision makers pDM  and qDM   

with  
( , )

max
k l

t t
pq k

M
l

D DM P
IFCI IFCI


 . Define new individual fuzzy comparison  

matrices  1 ( )t k t
k ijA a   (7) so that only the fuzzy comparison matrices of decision  

makers pDM  and qDM  undergo the change and all other individual fuzzy 
comparison matrices remain the same as in the previous iteration. 
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New fuzzy comparison matrices of decision makers pDM  and qDM  are compo-

sed of their fuzzy comparison matrices from the previous iteration. The portion  

of DM's preserved judgments depends on the weight t
p (8): 
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Set t=t+1 and return to Step 2. 
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Step 4. Denote the final individual fuzzy comparison matrices  
           

                     ( ) ( ) ( ),  , m , u ,  1,...,t k k k
k k k ij ij ij
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Define the group fuzzy comparison matrix  group group
ij n n

A a


  by the weighted 

geometric mean of the final individual fuzzy comparison matrices 
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Apply the fuzzy extension of the geometric mean method (3) to obtain the final  

group priority vector  1,..., nw w  from the group fuzzy comparison matrix  

 group group
ij n n

A a


 . 

The main part of the algorithm is Step 3. In each iteration, only the fuzzy 
comparison matrices of the most incompatible decision makers are changed. All 
other fuzzy comparison matrices remain unchanged. The fuzzy comparison 
matrices of the most incompatible decision makers are changed in the way that 
they become more similar. New fuzzy comparison matrices of decision makers  

pDM  and qDM  are composed of their fuzzy comparison matrices from previous 

iteration (7).  

The portion of pDM ’s preserved judgments depends on the weight t
p (8) [35].  

The weight of judgment preservation t
p  is based on the degree of consensus be- 

tween the pDM  and all the other unselected decision makers (all decision makers 

except p and q) and is calculated as the sum of IFCIs between the selected decision  

maker p and all the other unselected decision makers: 
 

1, ,

m

pi
i i p q

IFCI
 
 . 
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This sum is lower if pDM  is more compatible with the other unselected decision 

makers. The fraction  
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from equation (8) is smaller and t
p  is higher if the compatibility of pDM  with 

the other unselected decision makers is higher than the compatibility of qDM  

with the other unselected decision makers. To ensure that the changes in the 
judgements of decision makers are not too large, factor 2 is added to the 
denominator in equation (8), which ensures that  

(0.5,1)t
p   [35]. 

 
4. Example 
 
We apply the presented model to the example which was already discussed by 
several authors [10, 28, 37-39]. At a university, the post of professor of operations 
research is vacant. A committee of three members is therefore installed to give 
advice as to which applicant A, B or C is best qualified for the post. They have  

identified four decision criteria: mathematical creativity 1C , creativity in imple- 

mentations 2C , administrative capabilities 3C , and human maturity 4C . Here 
we will discuss only the relative importance of the four decision criteria. We 
presume that if one member does not make one pairwise comparison, it is equal 
to the pairwise comparison of the other members. Pairwise comparisons of the 
three committee members are presented in the following comparison matrices 



216                                     Petra Grošelj and Lidija Zadnik Stirn 

 

   
   

   
 

2

1

(1,1,1) ,3 / 2 (2 / 3,1,3 / 2) 2 / 7,1/ 3, 2 / 5

2 / 3,1,3 / 2 (1,1,1) (5 / 2,3,7 / 2) 2 / 3,1,3 / 2

(2 / 3,1,3 / 2) (2 / 7,1/ 3, 2 / 5) (1,1,1) (2 / 5,1/ 2, 2 / 3)

5 / 2,3,7 / 2 2 / 3,1,3 / 2 (3 / 2, 2,5 / 2) (1,1,1)

(1,1,1) , 2 / 3 (2 / 3,1,

2 / 3,1

2 / 5,1 3/ 2

A

A

 
 
 
 
 
  



 
   

   
   

 
3

/ 2) 2 / 7,1/ 3, 2 / 5

3 / 2, 2,5 / 2 (1,1,1) (5 / 2,3,7 / 2) 2 / 3,1,3 / 2

(2 / 3,1,3 / 2) (2 / 7,1/ 3, 2 / 5) (1,1,1) (2 / 5,1/ 2, 2 / 3)

5 / 2,3,7 / 2 2 / 3,1,3 / 2 (3 / 2, 2,5 / 2) (1,1,1)

(1,1,1) ,5 / 2 (2 / 3,1,3 / 2) 2 / 5,1/3 / 2,2 2, 2 / 3

2 / 5,1/ 2,2 / 3 (1,1
A

 
 
 
 
 
  


 

   

,1) (5 / 2,3,7 / 2) 3 / 2, 2,5 / 2

(2 / 3,1,3 / 2) (2 / 7,1/ 3, 2 / 5) (1,1,1) (2 / 5,1/ 2, 2 / 3)

3 / 2, 2,5 / 2 2 / 5,1/ 2, 2 / 3 (3 / 2, 2,5 / 2) (1,1,1)

 
 
 
 
 
  

 (10) 

We presume that all three members are equally important. After calculating the 
initial IFCIs of all six pairs of decision makers, we decided to set the threshold 
value at 1.01  . Since their opinions are similar, only four iterations are 
required to reach the desired level of consensus. The final fuzzy weights are 
presented in Table 2. Table 2 also presents the final fuzzy weights of three other 
methods from the literature. 
 
 Criterion 1 Criterion 2 Criterion 3 Criterion 4 

Soft 
consensus 
model 

(0.142, 0.185, 0.240) (0.260,0.328,0.398) (0.118,0.150,0.194) (0.268,0.336,0.403) 

[10] (0.149, 0.194, 0.256) (0.235,0.319,0.431) (0.112,0.140,0.180) (0.263,0.347,0.451) 

[38] (0.17, 0.19, 0.22) (0.260,0.32,0.37) (0.13,0.14,0.16) (0.30,0.35,0.39) 

[38] (0.150, 0.194, 0.223) (0.260,0.318,0.397) (0.139,0.139,0.144) (0.314,0.349,0.374) 

Table 2: Final results of our model and the results three other methods 
 

The results show that criteria 4C  and 2C  are more important than 1C  and 3C . 
The results of our new model are similar to the results of several methods that 
are already known from the literature, which indicates that our model produces 
logical weights and does not have any major deficiencies.  
The most common aggregating approach in the group fuzzy AHP includes 
minimal lower and maximal upper values [40-42] that may result in impractical 
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outcomes of TFNs with very wide support. Our model provides a novel approach 
that provides decision makers with insight into the iterative process of aggregating 
their judgments. In each iteration, only two decision makers are required to adapt 
their judgments, which is an advantage especially in a larger group of decision  

makers. The suitable definition of weights t
p  (8) assures that their judgments 

are not significantly altered, which promises decision makers higher satisfaction 
with the final results. 
 
5. Conclusions 
 
In the paper, we have presented a new soft consensus model for aggregating indivi-
dual TFN judgments into group TFN judgments. The presented example and our 
analysis of other examples that are not presented here show that the final weights 
derived by our model are proper and logical. Unlike several known methods for 
deriving weights in group fuzzy AHP, the proposed model allows decision makers 
to understand how their opinion differs from the opinions of other decision makers. 
They can gradually adapt their judgments to achieve a desired degree of 
consensus. However, in future work, the model should be upgraded with the 
possibility that some individual pairwise comparisons are missing or that decision 
makers refuse to adapt their judgments. 
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