
F(x) = 0,

F ∶  Rn → Rn

(F(x) − F(y))
T

(x − y) ≥ 0,      ∀x, y ∈ Rn.

                                                 



min
x∈Rn

f(x) =  
1

2
 ‖F(x)‖2.

dk k ∈ N

Fk
Tdk ≤ −c‖Fk‖2,

 c

F(x)



xk+1 = xk + αkdk αk

dk

αk

F(zk)T(xk − zk) > 0,

zk  =  xk +  αkdk.

Hk = {x ∈ Rn| F(zk)T(x − zk) = 0}

xk

xk+1

zk Hk

Ck = {x ∈ Rn | F(zk)T(x − zk) ≤ 0}.

Ck xk ∉ Ck

xk Ck

xk+1

xk+1 = Pc(xk) = argmin{‖x − xk‖ | x ∈ Ck} = xk −
F(zk)T(xk−zk)

‖F(zk)‖2 F(zk)

αk

αk {βρi: i = 0,1,2, … }

−F(xk + αkdk)Tdk ≥
σ αk ‖dk‖2

1+‖F(Zk)‖
,



σ ρ ∈ (0, 1) β αk

dk F(xk)Tdk < 0, αk > 0

dk = {
 −Fk + βk−1 

m dk−1              if  k ≥ 1,

−Fk                                      if k = 0,

βk
m = Max {0,

Fk+1
T yk

m

dk
Tyk

m − 
μ‖yk

m‖
2

(dk
Tyk

m)
2 Fk+1

T dk},

μ >
1

4

yk
m = yk +

max {ρk,0}

‖sk‖2 sk,

yk = Fk+1 − Fk sk = xk+1 − xk

ρk = 2[‖Fk‖ − ‖F(xk + αkdk)‖] + (F(xk + αkdk) + F(xk))Tsk.



x0 ∈ Rn, kmax , σ, ε  s  ρ ∈ ( 0 , 1 ).

k = 0;
F0 = F(x0)
d0 = −F0.

‖Fk‖ > 𝜀

β

αk = β;

ik ∈ {1,2,3, … }

−F(xk + αkdk)Tdk ≥
σαk‖dk‖2

1 + ‖F(Zk)‖
 ,

 αk = ρikαk 

  zk ← xk + αkdk

‖F(zk)‖ ≤ ε xk+1

dk

Fk+1 = F(xk+1);

Fk
Tdk > −𝜀 ‖Fk‖2

dk = −Fk ;

k ← k + 1

k Fk
Tdk ≤ −ε‖Fk‖2.

F(x) Rn

L > 0 ‖F(x) − F(y)‖ ≤ L‖x − y‖ , ∀ x, y ∈ Rn.

Rn Ω PΩ[x] ≔

arg min{‖x − z‖|  z ∈ Ω} , ∀x ∈ Rn.



Ω ⊆ Rn PΩ(x)

x Ω x , y ∈ Rn

i ∈ Ω 〈PΩ(x) − x, z − PΩ(x)〉 ≥ 0

〈PΩ(x) − PΩ(y), x − y〉 ≥ 0 PΩ(x) ≠ PΩ(y)

‖PΩ(x) − PΩ(y)‖ ≤ ‖x − y‖

H1 H2 {xk}

x∗ F(x∗) = 0

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk+1 − xk‖2

{xk} {xk}

lim 
k→∞

‖xk+1 − xk‖ = 0

{xk}

{xk} {zk}

αk ≥ Min {β ,
ρc‖Fk‖2

(L+σ)‖dk‖2}.

αk ≠ β α̂k = ρ−1αk

−F(xk + ρ−1αkdk)Tdk < 𝜎 ρ−1αk γk‖dk‖2 ≤ σ α̂k‖dk‖2,  γk =
1

1+‖F(Zk)‖
ẑk =

xk + α̂kdk

F c‖Fk‖2 ≤ −Fk
Tdk =

(F(ẑk) − F(xk))
T

dk − F(ẑk)Tdk ≤ ‖F(ẑk) − F(xk)‖‖dk‖ + σ α̂k‖dk‖2 = α̂k(L + σ)‖dk‖2.

 αk  ≥
ρc‖Fk‖2

(L+σ)‖dk‖2 .

H1 H2 {xk}

lim
k→∞

‖Fk‖ = 0

‖xk+1 − xk‖2 ≥
|F(zk)T(xk−zk)|

‖F(zk)‖
=

−αkF(zk)Tdk

‖F(zk)‖
≥

σαk
2‖dk‖2

(1+‖F(zk)‖)‖F(zk)‖



{xk} F

‖F(xk)‖ M > 0 ‖F(xk)‖ ≤ M

‖F(zk)‖ ≤ ‖F(zk) − F(xk)‖ + ‖F(xk)‖ ≤ L(zk − xk) + M = Lαk‖dk‖ + M

‖xk+1 − xk‖2 ≥
σαk

2‖dk‖2

(1+Lαk‖dk‖+M)(Lαk‖dk‖+M)
.

lim
k→∞

‖xk+1 − xk‖2 ≥ lim
k→∞

(
σαk

2‖dk‖2

(1+Lαk‖dk‖+M)(Lαk‖dk‖+M)
).

lim 
k→∞

αk‖dk‖ = 0.

c‖Fk‖2 ≤ −Fk
Tdk ≤

‖Fk‖‖dk‖

c‖Fk‖  ≤ ‖dk‖.

‖dk‖2

αk‖dk‖2 ≥ Min {β‖dk‖2 ,
ρc‖Fk‖2

L+σ
}.

σ0‖Fk‖2 ≤ αk‖dk‖2,

σ0 = Min {βc2 ,
ρc

L+σ
}. lim

k→∞
‖Fk‖ = 0.

 

 

‖Fk‖ ≤ 10−4 ‖F(zk)‖ ≤ 10−4,

μ =

0.26, ρ = 0.7, σ = 0.3, ϵ = 10−4 β =
Fk

Tdk

(F(xk+tdk)−Fk)Tdk/t
t = 10−8

Ni Nf



𝑥0 = (10,10, … ,10)𝑇 ,                 𝑥1 = (−10, −10, … , −10)𝑇 ,              𝑥2 = (1,1, … ,1)𝑇 ,

𝑥3 = (−1, −1, … , −1)𝑇 ,             𝑥4 = (1,
1

2
,

2

3
, , … ,

1

𝑛
)

𝑇
,                          𝑥5 = (0.1,0.1, … ,0.1)𝑇 , 

𝑥6 = (
1

𝑛
,

2

𝑛
, … ,1)𝑇 ,                        𝑥7 = (1 −

1

𝑛
, 1 −

2

𝑛
, … ,0)𝑇 .

Figure 1: Performance profile of the iteration number



Figure 2: Performance profile of the function evaluations

Figure 3: Performance profile of CPU time



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 


