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Abstract. In this paper, quadratic fractional programming (QFP) problems involving a
factorized or non-factorized objective function and subject to homogenous or non-homogenous
constraints are considered. Our proposed approach depends on a computational method that
converts the QFP problem into a linear programming (LP) problem by using a Taylor series to
solve the problem algebraically. This approach, based on the solution of LP problems, can be
applied to various types of nonlinear fractional programming problems containing nonlinear
constraint(s), and minimizes the total execution time on iterative operations. To illustrate the
solution process, two examples are presented and the proposed approach is compared with other

two existing methods for solving QFP problems.
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1. Introduction

Fractional programming (FP) problems (also known as ratio optimization problems) are
optimization problems in which the ratio of two given functions subject to given constraints is to
be maximized or minimized. The FP problem has an important reputation in operational
research regarding its applications. FP problems are useful in financial and corporate planning,
production planning, traffic planning, healthcare and hospital planning, network flows, game
theory, etc. Many algorithms have been developed to solve various forms of FP problems.
Considering applications of FP problems, the following classifications can be presented.

The Single-Ratio Linear FP Problem is given as:
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Min—fl(x)
f,(x)
where QZ{XZL(X)SO,I‘ :1,,_,,n}, fz(x)>0 for all X€Qand | :x—>R (r :1,...,n),
and fl, f2 and |r are affine functions.

The Single-Ratio F'P Problem is given as:

MinM

f,(x)
where fl and fz are extended real-valued functions which are finite-valued on €2, and
f2 (X) >0 forall XeQ ,and € is a non-empty closed feasible region in X .
The Single-Ratio QFP Problem is given as:
. f(x
Min L
f,(x)
where fl and fz are quadratic, f, (X) >0 for all Xe€Q, and lL:x—>R (r =1.., n) is an

affine function.

The Generalized FP Problem is given as:

Min Sup]_gigm

with extended real-valued functions f, g, : X —)(—oo,oo) which are finite-valued on 2 with
g (x)>0 forall i=1..,m and XeQ.

The Min-Max FP Problem is given as:

Min,_,Max M

ye® fz (y’ X)

where Qc R™ and ® = R" are non-empty closed sets, and f1 (R™T —)(—oo,oo) is a finite-
valued function on QXx@ . In this case fziRm+n —)(—OO,OO) is a finite-valued positive

function on Qx O .

The Summation of Ratio FP Problem is given as:
o f (%)
Min) ——<
25,01

with g (X) >0 forall i=1,...,m and XeQ.
The Multi-Objective FP Problem is given as:

" fl(x) fz(x) fm(x)
. (gmx)'gz(x)'“"gm(x)j

with g, (x)>0 for all i=1..mand X€Q [7].
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Schaible and Shi [18] reviewed recent developments in single-ratio and generalized
(max-min) FP problems. Linear Fractional Programming (LFP) problem is a kind of nonlinear
programming problems in which the nominator and the denominator of the objective function,
and the constraints, are linear functions. To find the optimal solution of an LFP problem,
different solution algorithms have been developed in the literature. In 1956, Isbell and Marlow
[10] found the optimal solution to an LFP problem by using a sequence of LP problems; in 1962,
Charnes and Cooper [4] developed an algorithm replacing the LFP problem with LP problems
by transforming the variables. A common feature of these algorithms is that the optimal solution
of the LFP problem is determined without providing the decision maker with extra information
about the solution process. Swarup [23] extended the simplex technique for LP problems and
dealt with the problem of maximizing the ratio of two linear functions under constraints of
linear equalities and the non-negativity of the variables. Bitran and Novaes [3] proposed an
algorithm based on a simplex routine for solving a sequence of LP problems, which depends on
updating the local gradient of the fractional objective function at successive points. Bitran and
Novaes [3] considered the objective function as the ratio of two linear functions. Bitran and
Magnanti [2] considered duality and sensitivity analysis in LFP problems. Wolf [28] proposed a
parametric method for determining the optimal solution of the LFP problem that was different
from the usual algorithms. Tantawy [25] developed an iterative method based on the conjugate
gradient projection method. In this paper, the feasible direction approach moving through the
feasible region improves the objective function of the LFP problem. Tantawy [24] also developed
an iterative method that can be used for sensitivity analysis to solve LFP problems. Pramanik,
Dey, and Giri [16] used a fuzzy goal programming approach, and solved multi-objective linear
plus LEP problems based on Taylor series approximation. Effati and Pakdaman [6] proposed a
method to solve an interval-valued LFP problem. Odior [14] developed an approach for when
the constraints of the LFP are in the form of an inequality in which the objective function is a
linear fractional function. Pandian and Jayalakshmi [15] presented a new approach, which is
called the denominator objective restriction method and is based on the simplex method for
solving LFP problems. Tantawy and Sallam [27] presented a new method for solving integer
LFP problems when the objective function is linear fractional and the constraints are in the
form of linear inequalities, and then Tantawy [26] proposed a duality approach to solve LFP
problems in the same form as Tantawy [24]. Saha, Hossain, Uddin, and Mondal [17] developed a
new technique by converting the LFP problem into a single LP problem for some cases of the
nominator and denominator function. Simi and Talukder [20] presented a new approach for
transforming the LFP problem into an LP problem and solving the problem using the duality.

As a special type of optimization problem, QFP problems have many different
applications in operations research literature. These types of problems can be classified on the
basis of the homogeneity of the constraints and the factorability of the objective function. Singh
[21] established the optimality conditions of Kuhn-Tucker and Fritz John without
differentiability for nonlinear FP problems. Gotoh and Konno [8] solved the general QFP
problem globally by combining the Dinkelbach method and a branch and bound approach.
Khurana and Arora [12] developed an approach for solving QFP problems in which some of the
constraints are homogenous. This alternative method transforms the original problem to a new
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formulation that has fewer constraints but more variables. Sharma and Singh [19] proposed a
new approach for solving factorized QFP problems and linear factorized QFP problems based on
the iterative procedure of simplex techniques. Suleiman and Nawkhass [22] recommended that a
modified simplex method is superior in addressing QFP problems, and used Wolfe’s method for
solving QFP problems. Hasan and Hasan [9] solved a QFP problem with homogenous
constraints and a factorized fractional objective function that cannot be solved directly by the
extended simplex method. Abdulrahim [1] developed a convergent algorithm for the extreme
point of the QFP problem, and used a new cutting plane technique to obtain the optimal
solution. Nguyen, Sheu, and Xia [13] considered minimizing a single-ratio QFP problem subject
to two-sided quadratic constraints. Jayalakshmi [11] presented a new approach, which is called
the decomposition fractional separable method and is based on the LP problem in which the
numerator and denominator of the objective function can be factorized into two linear functions.
Youness, Maaty, and Eldidamony [29] introduced a two-dimensional algorithm based on a
parametric approach for finding the solutions of nonlinear fractional optimization problems.

In this paper, a new approach is presented for finding the solution of the QFP problems
involving a factorized or non-factorized objective function and subject to homogenous or non-
homogenous constraints. To solve any QFP problem, our proposed approach easily converts the
problem into an LP problem by using a Taylor series at a chosen initial point. The objective
function of the QFP problem is expanded to a Taylor series using our approach. The proposed
approach obtains successive LP problems, and determines an optimal solution of the QFP
problem. The proposed approach has computationally faster steps, and can be applied more
easily than other algebraic methods. Since the final solution can be obtained rapidly, this
approach will also be suitable for computer use.

This paper is organized as follows. Section 2 briefly presents the required information
used in this study. In Section 3, the proposed approach is demonstrated. Section 4 and Section 5

consist of numerical examples and the conclusion, respectively.

2. Preliminaries

Definition 1. A QFP problem is defined as

imi —w l.a
Optimize z(x) ) (La)
subject to
AX(<,=2)B (1.b)
x>0 (L.c)

where Xis an N -dimensional column vector of decision variables, Ais an (m X n) matrix and

B is an M -dimensional column vector of constants.

Definition 2[5]. Any point X satisfying the constraints (1.b) and (1.c) is called a feasible

point. The set of all feasible points is called the feasible set, such that

X ={xeR":Ax(<,=2)B;x=0}.
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Definition 3. A feasible point X* is called the optimal solution to the optimization problem (1)
if z(x)< Z(X*) for the maximization problem (Z(X) > Z(X*) for the minimization problem)

for each feasible point X.

Definition 4. A differentiable function F is continuously differentiable if and only if F is of

differentiability class c'.

Definition 5. The first two terms of the Taylor series generated by F(Xl,...,xn) at
A:(ai,__,,an), ie.

F(A)+%F(A)(xl—a1)+ai;2F(A)(xz—a2)+...+a%F(A)(x ~a,)=0

n

linearize the function F in N variables.

3. The proposed approach

Consider the QFP problem given in (1). Our algorithm is given as follows:

Step 1. Choose any initial arbitrary feasible non-zero point, i.e. X = ()'(1,___, xn) .

Step 2. Linearize the objective function (1.a) by expanding it to the Taylor series at the chosen

point X using Definition 5.

Step 3. Solve the following LP problem:

Optz, (x)=Cx
subject to

Ax(s=2)B

x=0

where the subscript L is used to show the linearization of the objective function (1.a) obtained
in Step 2, and the constraints are the same as in (1.b) and (1.c). Solve this LP problem, and
find a solution X = (Yl,...,i )

Step 4. Expand the objective function (1.a) to the Taylor series at the obtained solution X .

Step 5. Solve the reconstructed LP problem consisting of the linearized objective function at X

obtained in Step 4 and subject to (1.b) and (1.c), and find another solution X = ()_(1, ,)_(n) .

Step 6. Check two successive solutions:
e If the solutions X and X overlap, then it is an optimal solution of the QFP
problem (1), and STOP.
e Else, assign X to X, and go to Step 4.
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The flow chart of the proposed approach is illustrated in Figure 1.
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Figure 1: The flow chart of the proposed approach
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Different methods are compared with the proposed approach in Example 1 and
Example 2. Table 1 and Table 2 show the results that are obtained by using our approach and
the existing methods from the literature.

4. Numerical examples

Example 1[11]. Solve the following QFP problem:

Maxz:(x2+1)(x1+x2+3) o)
(%, +4)(x +X,+2) '
subject to
—X +X, <1 (2.b)
X, +2X, <7 (2.c)
X, =20,%x,>0 (2.d)

with the proposed approach.

Steps 1-2. Choose an initial arbitrary feasible non-zero point (1, 1) , and linearize the objective

function (2.a) by expanding it to the Taylor series at the chosen point:

a (%, +1) (% +4) (%, + X, +2) = (%, +1) (X + X, +3)[(x1+4)+(x1+ X, +2)]

= > 5 (3.2)
0%, (% +4) (X +X%,+2)
o _ [(% +1)+ (X + %, +3) | (X, +4) (X, + X, +2) = (%, +1) (X, + X, +3) (%, +4) )
OX, (x1+4)2(x1+x2+2)2 '
Step 3. Construct an LP problem as follows:
Max z = —0.125x, +0.225x, (4.a)
subject to
—X +X, <1 (4.b)
X +2X, <7 (4.c)
X =20,x,>0 (4.d)

The optimal solution of the LP problem (4) is X, =1.6667 and X, = 2.6667 .

Steps 4-5. Expand the objective function (2.a) to the Taylor series at
X = (1.6667, 26667) and form the LP problem as follows:
Max z = —0.1483x, +0.1882X, (5.2)

subject to
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X +X, <1
X +2X, <7
X =20,x, >0
The optimal solution of (5) is X, =1.6667 and X, =2.6667 .

Step 6. Because the two successive solutions, X and X, overlap, the optimal solution of (2) is

found to be xI =1.6667, x; = 2.6667 , and the optimal value is z°=0.7492 .

The proposed approach can be applied to the problem solved by Jayalakshmi [11], and

it is seen that the solutions are identical. A comparison of the solutions obtained is presented in

Table 1.
Jayalakshmi’s Approach Proposed Approach
X, 1.6667 1.6667
X, 2.6667 2.6667
vl 0.7492 0.7492

Table 1: Comparison of the solutions obtained for Example 1

Example 2 [12]. Solve the following QFP problem:
(2%, +2X, +12)(X, + X, +17)

M =
e (=2, + %, +15)(2x, — x, +11)

subject to
X +2X, <2
33X, +X, <4
-bx +3x, <0
-X +X, <0

with the proposed approach.

Steps 1-2. Choose an initial arbitrary feasible non-zero point (1, 1) , and linearize the objective

function (6.a) by expanding it to the Taylor series at the chosen point.

Step 3. Construct an LP problem as:
Max z = 0.2783x, +0.343x,

subject to

X +2X, <2
33X +X%X, <4
—5x, +3%, <0
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X% +X,<0 (T.e)
The optimal solution of (7) is found to be X, =1.2 and X, =0.4.

Steps 4-5. Expand the objective function (6.a) to the Taylor series at X = (1.2,0.4), and

form the LP problem as follows:

Max z =0.3673x, +0.3101x, (8.a)
subject to
X +2X,<2 (8.b)
33X +X, <4 (8.0)
—5x, +3%, <0 (8.d)
—X +X% <0 (8.¢)

The optimal solution of (8) is X, =1.2 and X, =0.4.

Step 6. Because the two successive solutions, X and X, overlap, the optimal solution of (6) is

found to be XI =1.2, X; =0.4, and the optimal value is 7 =1.6745.

Khurana and Arora’s Approach Proposed Approach
X 1.2 1.2
X, 0.4 0.4
7" 1.6745 1.6745

Table 2: Comparison of the solutions obtained for Example 2

We apply the proposed approach to the problem given by Khurana and Arora [12], and
the solutions obtained are the same as found by those authors. They are presented in Table 2.

5. Conclusion

In this paper, a new approach is presented, based on solving LP problems to minimize the total
execution time, which is useful for iterative operations. This approach can handle QFP problems
having a factorized or non-factorized objective function, and homogenous or non-homogenous
constraints. The proposed approach can easily be applied to solve any type of QFP problem.
The QFP problem is converted into an LP problem with a chosen initial point. The proposed
approach differs from other existing methods in terms of computational steps. It is also easier
than other methods that can be solved algebraically. With the proposed approach, the final

solution can be obtained rapidly, so it would be favorable for computer use. This approach can
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be implemented for various types of nonlinear FP problems containing nonlinear constraint(s)

that are more complex.
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