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Abstract. The paper investigates a procurement game between two rival firms considered as a network
interdiction problem (NIP) where an interdictor, using limited interdiction budget, interdicts the node of
supplier(s) on a capacitated single echelon multi products supply chain and tries to explicitly maximize
the minimum procurement cost of a defender. In the study, a goal programming model is proposed to
prevent the situations where the budget is used unnecessary (wasted budget) out of discrete interdiction
variable.
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1. Introduction and background

In this study, we consider a network interdiction approach where the main logic is based on
game theory and analyze the competitive procurement process of two rival firms which are
called leader and follower. These firms operate in the same activity area and need same
materials. Because they need same materials for their production processes, the probability of
contracting to the same suppliers is high. This situation may put the production levels of each
other in danger due to the reduced amount of materials in suppliers. These risks encourage the
firms to seek various policies for surviving in this competitive environment.

The leader firm wants to maximize the minimum cost that is achieved by the follower
based on a limited interdiction budget for his own benefits (such as “to improve the
competitiveness, to relatively reduce the costs”). It is assumed that the firms have sufficient
information about each other. The procurement game is performed sequentially. Firstly, one of
the firms (leader) interdicts one or more supplier’s capacity within a given interdiction budget
in order to maximize the minimum multi-product procurement cost that will be achieved by
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another firm (follower). Later, the follower satisfies its own demand from remaining capacity.
This problem is modeled as a bi-level mixed integer program and is converted into mixed
integer program where the leader explicitly maximizes the minimum cost (achieved by the
follower) by interdicting the supplier’s capacity. However, unnecessary budget usage (wasted
budget) occurs out of discrete interdiction. The main goal is to ensure the usage of the limited
interdiction budget efficiently for the leader’ interdiction plans. For this purpose, in the next
subsections, firstly, the exact formulations for the leader and follower’s problems are presented.
Later, a goal programming approach that helps the leader to determine the most reasonable
interdiction budget in accordance with own goals is proposed.

This leader-follower relationship is similar to static Stackelberg game that is firstly
introduced in [16] and such a game can be presented mathematically as a bi-level programming
problem. When we look at first studies on NIPs, we face with efforts to determine the most
vital arc (link) or arcs on the network [3, 5, 6, 8, 9, 12, 17, 18]. In these studies, the answer has
been searched mainly for the question "Which components (arc or node) that disrupt the
network at maximum level should be removed?" When the literature is investigated, we can
say that the studies can be classified in two main headings as maximizing of the shortest path
or the minimizing the maximum flow. Moreover, NIP framework has been still studying in
many different scopes, namely; nuclear smuggling interdiction; national defense; sensor
locations; facility interdiction; project interdiction etc. The other remarkable contributions are
(2,4, 7,10, 11, 13, 14, 15, 20, 21].

It can be said that almost all studies prior to Wood [19] are specific to the application
and are not extendible to more general contexts. Wood [19] is the first one adopted
mathematical programming methods. He developed a min—max formulation of maximum flow
network interdiction problem (MFNIP) and then converted it to an integer-programming
model [1]. In our study, the proposed goal programming model is developed based on Wood’s
[19] study.

The remainder of this study is organized as follows. In section 2, the problem is
described and the exact formulations for the leader and follower’s problems and a goal
programming approach that is to help the leader to take strategic decisions related to the
interdiction budget are presented. In section 3, computational studies are conducted. Finally,
the study is concluded in section 4.

2. Problem formulations

Consider a capacitated and directed network G = (N, A) where the node set is N and the arc

set is A. In this network, the flow can move from the set of the suppliers | = Nto the set of
the firms F < N . This flow is restricted by a positive integral capacity S;. In the formulations,

iel and peP are indices that belong to the suppliers and products, respectively. (Cip) is the
procurement cost of the product P that is procured from i supplier. (Sip) is the capacity of

product P in i supplier. DE is the demand for product P of the follower.
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2.1. Model-BI: The bi-level model of the leader’s problem

In this subsection, firstly the leader’s problem is modeled as a bi-level, max-min program. The
leader’s decision variable (Y;) takes the value of 1 if i supplier is interdicted and 0 otherwise.
The main goal of the leader is to maximize the minimum cost of the follower by interdicting
the supplier(s). In Model II-BI, the objective function (1) maximizes the minimum cost of the
follower, Constraints (2) are related to the suppliers’ nominal capacities. These constraints

restrict the amount of moved material on arc. Moreover, if y; =1, it means that the leader

interdicts i" supplier, that is, the capacity of i supplier equals to zero, thus the follower does
not procure material from this supplier any more. Similarly, ify, =0, the leader does not
interdict 1" supplier and the capacity of i supplier does not change for the follower’s
procurement process. Constraints (3) satisfy the demand of the follower. Constraints (4) are
non-negativity constraints and constraints (5) restrict the number of interdiction based on
interdiction budget and require interdiction variables to be binary where the interdiction cost

of i" supplier isf;.

z" =maxmin C X
axmin >, > ¢, (1)

iel peP
s.t.
X, <S,(L-Y;),Viel,VpeP:g (2)
D %, =D; VpeP: g (3)
iel
X, 20,Viel,vpeP (4)
where,

Y:{yie{o,l}:ZriyiSR, ReZ*} (5)

iel

It is clear that for fixed Y;, the inner minimization is the follower’s procurement model in
Model II. In the next subsection, Model-BI is converted to nonlinear mixed integer program.
Since this problem is unimodular, a mixed integer nonlinear “max-max” model is obtained by

taking the dual of the inner minimization by fixing temporarily and then relaxing y; [19].

2.1.1. Model-MINLP: Model-BI formulation as a mixed integer nonlinear program
and its linearization

With the above-mentioned transformation (taking dual form of the inner minimization
problem), both objective functions are maximizations over differing sets of variables (the
leader’s primary variables, and the follower’s dual variables). Thus, the following nonlinear

mixed integer model is obtained.
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2 =maxmax ), > Sy, (L-yi)+ 2 Dy 5, (6)
! iel peP peP
s.t.
¢, +B,<c,,Viel, VpeP (7)
>y <R (8)
$,<0,Viel,VpeP (9)
B,=20,vpeP (10)
Y; e{O,l},Vi el (11)

2.1.2. Model-F: Final model of the leader’s problem

For the final model of the leader’s problem, Model-MINLP is linearized by adding some
constraints to the model. It is known that ¢, <0 andy; € {0,1}. The Model-MINLP can be

linearized with the help of these restrictions and it does not cause a loss of optimality.
Let us replace (1-V;)@, with 44 <Oand add the set of constraints (14)

iy S¢ip +Y,M where Mis a big enough number. This yields the following mixed integer
programming (MIP). If y; =1 in an optimal solution, S;,(1-Y;)é, is equal to zero. Similarly,
if ¥;=0 in an optimal solution, S, (1-V,)¢,is equal toS; @, . It is known that we replace
Sy (1—Y)4, withS; gs,. Now, let us work the linearization, if Y; =1 in any optimal solution,
4, must equal to0. For maximizing problem, constraints (14) and (18) are satisfied for
Hiy < @y +Y;M and g4, <0. As, constraints (14) have big right hand side values, when the
constraints (14) and (18) are considered, simultaneously, 44, equals to0. Furthermore, if
Y; =0 in any optimal solution, £, must equal tod, . Constraints (14) and (18) are satisfied
for 4, <@, +0OM and g4, <0. Due to the maximizing objective function (12), when the
constraints (14) and (18) are considered, simultaneously, it must be true that s, =@, . It is

clear that this situation justifies the correctness of the linearization. Finally, Model-F gives an
interdiction plan based on a specific interdiction budget to the leader.

Z =max > > S u +> DB (12)
yikdf iel peP peP

s.t.

¢, +B,<¢c,,Viel,VpeP (13)
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,uipﬁqilp+yiM*,Viel,‘v’peP (14)

Dohy, <R (15)

iel

¢,<0,Viel, VpeP (16)
B,20,vpeP (17)
t, <0,Viel,VpeP (18)
y; €{0,1},Viel (19)

2.2. Model-G: A goal programming approach for efficient decisions of the leader

In this subsection, a weighted (W,,W,) goal programming approach that allows the leader to
use interdiction budget efficiently and to take right decisions is proposed. For this purpose,
two main goals are considered for the leader. One of these is the damage goal (G,) , namely, the
leader does not want to fall below a certain damage that is given to the follower. (FC, ., ) is
the cost of the follower when there is no interdiction.

Similarly, the other goal is related to the interdiction budget (Gz) . The leader does not
want to ascend on a certain budget. The objective function (20) minimizes the deviations
(d;,d,) from the goals. The goal constraints are defined in (23, 24).

77 = min wd; +w,d, (20)
Yo, B0 0y dy ,dy

s.t.
Ip+,6’ Scip,Viel,VpeP (21)
,uipﬁqﬁgp+yiM*,Viel,VpeP (22)
ZZ Siplhy + Z Dgﬁp —FC i +d; =0 =G, (23)
iel peP peP
ZriYi"'df_df:Gz (24)
iel
#, <0,Viel,VpeP (25)
B,=20,vpeP (26)

, <0,Viel,vpeP (27)



Gokhan Ozcelik and Cevriye Gencer

80
y, €{0,1},Viel (28)

d,,d’,d,,d, >0 (29)

Thanks to Model-G, it is aimed to facilitate the analysis of the leader based on different

deviations weight. In fact, this analysis can be called as sensitivity analysis. It helps to

investigate the value of the deviations based on weights and different parameters. In the next
section, an illustrative study is conducted.

3. Computational studies

In this section, by conducting a numerical example, some analysis is made for the leader’s
interdiction plan. As mentioned-above, the leader has limited interdiction budget, and he
should use this budget efficiently. As seen in Table 1, there is a “cost of interdiction” (cost of
contract; namely, the amount of the money is given by the leader to the supplier not to sell
material to the follower) for each supplier. If the leader does not interdict any supplier, the
results of the procurement problem of the follower are as given in Table 2. On behalf of
investigation the efficient usage of the interdiction budget, until the remaining capacity is
insufficient for the follower, the changes in cost of the follower are investigated for each budget
level (R€Z") and are given Table 3.

4 of Capacities (gallon) Costs (8/unit)
) Suppliers Suppliers Procurement Procurement Interdiction
Suppliers
(Su) (Si) (cir) (cin) (Contract)(r;)
1. (50) (30) 1 2 19
2. (50) (30) 2 2 12
3. (60) (40) 3 3 17
4. (60) (40) 4 5 11
5. (70) (40) 1 4 20
6. (70) (45) 2 3 16

Note: Df =90,Df =85 .
Table 1: Data of the problem.

In this section, all MIP formulations and algorithms are implemented in C# using
GAMS 23.5.1 (via CPLEX solver). All experiments were performed on a PC that have Intel(R)
Core(TM) i7 CPU 2.00 GHz processors and 6.00 GB RAM.

Firstly, starting from R=0, the interdiction budget (R) is increased gradually (see
Table 3). If the optimal solution is an abnormally large number, there exists no optimal flow
satisfying the follower’s demand, and thus the dual problem of inner problem is unbounded.
For this reason, the analysis is conducted up to (R <56) (see Table 3).
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Table 2: The results of the procurement model of the follower when there is no

. Amount of procured materials (gallon)
# of Suppliers -
(xi1) Suppliers (xi)

1. (50) (30)

2. * (30)

3. * (25)

4 * *

5. (40) *

6. * *
Total cost of the follower: $285

interdiction.

R 3 R 3 R 3 R 7 R 3 R 7 R 3 R 7

0 |285*| 7 | 285 |14 | 315 | 21 | 335 |28 | 335 | 35 | 365 | 42 | 405 | 49 | 435
1 | 285 | 8 | 285 | 15| 315 |22 |335|29 | 335 |36 | 365 |43 |405 | 50 | 435
21285 | 9 | 285 |16 | 315 | 231|335 |30 | 335 |37 | 365 |44 |405 | 51 | 455
3285 | 10| 285 | 17| 315 | 24 | 335 | 31 | 365 | 38 | 365 | 45 | 405 | 52 | 455
4 |1 285 | 11| 285 | 18 | 315 | 25| 335 |32 | 365 | 39 | 365 | 46 | 405 | 53 | 455
5| 285 | 12| 315" | 19 | 335°| 26 | 335 | 33 | 365 | 40 | 405 | 47 | 435 | 54 | 455
6 | 285 | 13| 315 |20 | 335 | 27 | 335 | 34 | 335 | 41 | 405 | 48 | 435 | 55 | 475

Note: After Rm.x=>55, the next interdictions are infeasible since the remaining capacity of any product in

non-interdicted supplier(s) is insufficient for the follower.

Table 3: All solutions.

As seen in Table (2, 3), according to the results, the cost of the follower is $285® when there is
no interdiction. If the leader gives damage to the follower, he should determine the interdiction
budget at least $12. In this situation, the leader interdicts 2™ supplier. Thus, the cost of the
follower is $315% and the follower suffers a loss as $30. If the leader gives a little more damage
to the follower, he should determine the interdiction budget at least $19 since the cost of the
follower remains the same up to $18. In this situation, the leader interdicts 1% supplier. Thus,
the cost of the follower is $335( and the follower suffers a loss as $50. Similarly, when the
leader wants to increase the damage that is given to the follower, he should track the critical
budgets in Fig. 1, respectively. It is clear that the interdictions with exception of these budgets
are unnecessary in terms of effective usage of the budget. So, the leader should investigate the
cost of the follower on each budget level before take a decision.
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450 4 Critical budgets

FOLLOWER'S COST
td
il
=
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INTERDICTION BUDGET

Figure 1: The graph of follower's cost & interdiction budget

In order to avoid these unnecessary interdictions, in the subsection 2.2, a goal programming
that helps analysis of relationship between the budget and damage that is given to the follower
is presented. The budget (G,) and the damage (G,) are considered as goals. The leader both

does not want to fall below a certain damage (d;) that is given to the follower and does not
want to ascend on a certain budget (d,). The aim is to minimize the deviations (d, ,d,) from
the goals. In this regard, the different plans that are given below, are derived related to the
weights of the goals and the results are shown in tables (4, 5):

e Plan I: The usage of budget and damage that will give to the follower have equal

importance (W, =W, ) ;

e Plan II: The approach is prone to use the budget efficiently (W, <W,);

e Plan III: The approach is prone to give the more damage to the follower (W, > W,) .

Consider that the leader wants to fix the interdiction budget at $20(G, = 20) . If the leader

wants to give damage to the follower at least $90, according to the Plan I and Plan III, he
should increase the budget as $19. However, if the budget constraint is more important than
the damage (Plan II), he should increase the budget as $11. In this situation, he fails to reach
the damage goal ($90). He can give damage to the follower as $80 with an interdiction budget
of $31. Similarly, the values of the deviations according to the different plans are analyzed up
to the maximum damage (475-285=$190) that can be given to the follower and the results are
given in Table 4.
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G, =20 Plan I Plan 1II Plan III
w, :0.5w,:0.5 w :0.3w,:0.7 w; :0.7,w,:0.3
G, d; d;f d, d; d; d;f d, d; d; d; d; d;
50 0.00 | 0.00 | 1.00 | 0.00 | 0.00 | 0.00 | 1.00 | 0.00 |0.00 | 0.00 | 1.00 | 0.00
55 5.00 | 0.00 | 1.00 | 0.00 | 5.00 | 0.00|1.00| 0.00 |0.00 |0.00 |0.00 |11.00
60 10.00 | 0.00 | 1.00 | 0.00 | 10.00 | 0.00 | 1.00 | 0.00 | 0.00 | 0.00 | 0.00 | 11.00
65 0.00 | 0.00 | 0.00 | 11.00 | 15.00 | 0.00 | 1.00 | 0.00 | 0.00 | 0.00 | 0.00 | 11.00
70 0.00 | 0.00 | 0.00 | 11.00 | 20.00 | 0.00 | 1.00 | 0.00 | 0.00 | 0.00 | 0.00 | 11.00
75 0.00 | 0.00 | 0.00 | 11.00 | 25.00 | 0.00 | 1.00 | 0.00 | 0.00 | 0.00 | 0.00 | 11.00
80 0.00 | 0.00 | 0.00 | 11.00 | 0.00 | 0.00 | 0.00 | 11.00 | 0.00 | 0.00 | 0.00 | 11.00
85 5.00 | 0.00 | 0.00 | 11.00 | 5.00 | 0.00 | 0.00 | 11.00 | 0.00 | 0.00 | 0.00 | 19.00
90 0.00 | 0.00 | 0.00 | 19.00 | 10.00 | 0.00 | 0.00 | 11.00 | 0.00 | 0.00 | 0.00 | 19.00
95 0.00 | 0.00 | 0.00 | 19.00 | 15.00 | 0.00 | 0.00 | 11.00 | 0.00 | 0.00 | 0.00 | 19.00
100 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00
105 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00
110 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00
115 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00
120 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00
125 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 19.00
130 0.00 | 0.00 | 0.00 | 27.00 | 10.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 27.00
135 0.00 | 0.00 | 0.00 | 27.00 | 15.00 | 0.00 | 0.00 | 19.00 | 0.00 | 0.00 | 0.00 | 27.00
140 0.00 | 0.00 | 0.00 | 27.00 | 0.00 | 0.00 | 0.00 | 27.00 | 0.00 | 0.00 | 0.00 | 27.00
145 0.00 | 0.00 ] 0.00 | 27.00 | 0.00 | 0.00 | 0.00 | 27.00 | 0.00 | 0.00 | 0.00 | 27.00
150 0.00 | 0.00 | 0.00 | 27.00 | 0.00 | 0.00 | 0.00 | 27.00 | 0.00 | 0.00 | 0.00 | 27.00
155 0.00 | 0.00 ] 0.00 | 31.00 | 5.00 | 0.00 | 0.00 | 27.00 | 0.00 | 0.00 | 0.00 | 31.00
160 0.00 | 0.00 | 0.00 | 31.00 | 0.00 | 0.00 | 0.00 | 31.00 | 0.00 | 0.00 | 0.00 | 31.00
165 0.00 | 0.00 | 0.00 | 31.00 | 0.00 | 0.00 | 0.00 | 31.00 | 0.00 | 0.00 | 0.00 | 31.00
170 0.00 | 0.00 ] 0.00 | 31.00 | 0.00 | 0.00 | 0.00 | 31.00 | 0.00 | 0.00 | 0.00 | 31.00
175 0.00 | 0.00 | 0.00 | 35.00 | 5.00 | 0.00 | 0.00 | 31.00 | 0.00 | 0.00 | 0.00 | 35.00
180 0.00 | 0.00 ] 0.00 | 35.00 | 0.00 | 0.00 | 0.00 | 35.00 | 0.00 | 0.00 | 0.00 | 35.00
185 0.00 | 0.00 | 0.00 | 35.00 | 0.00 | 0.00 | 0.00 | 35.00 | 0.00 | 0.00 | 0.00 | 35.00
190" | 0.00 | 0.00 | 0.00 | 35.00 | 0.00 | 0.00 | 0.00 | 35.00 | 0.00 | 0.00 | 0.00 | 35.00

Note: The analysis is conducted up to the maximum damage that can be given to the follower.

83

Table 4: The values of the deviations according to the different plans with respect to

G,=20
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Plan [ Plan I Plan III
G, =150
w, :0.5,w,:0.5 w; :0.2,w,:0.8 w; :0.8,w,:0.2
G, d; d; d; dz d; d; d; dz do d; dz dz

10 0.00 | 0.00 | 0.00 | 37.00 | 120.00 | 0.00 | 0.00 | 2.00 | 0.00 | 0.00 | 0.00 | 37.00
15 0.00 | 0.00 | 0.00 | 32.00 | 100.00 | 0.00 | 0.00 | 4.00 | 0.00 | 0.00 | 0.00 | 32.00
20 0.00 | 0.00 | 0.00 | 27.00 | 100.00 | 0.00 | 1.00 | 0.00 | 0.00 | 0.00 | 0.00 | 27.00
25 0.00 | 0.00 | 0.00 | 22.00 | 30.00 | 0.00 | 0.00 | 14.00 | 0.00 | 0.00 | 0.00 | 22.00
30 0.00 | 0.00 | 0.00 | 17.00 | 30.00 | 0.00 | 0.00 | 9.00 | 0.00 | 0.00 | 0.00 | 17.00
35 0.00 | 0.00 | 0.00 |{ 12.00 | 30.00 | 0.00 | 0.00 | 4.00 | 0.00 | 0.00 | 0.00 | 12.00
40 0.00 | 0.00 | 0.00 | 7.00 0.00 | 0.00 | 0.00 | 7.00 | 0.00 | 0.00 | 0.00 | 7.00
45 0.00 | 0.00 | 0.00 | 2.00 0.00 | 0.00 | 0.00 | 2.00 | 0.00 | 0.00 | 0.00 | 2.00
50 0.00 | 0.00 | 3.00 | 0.00 0.00 | 0.00 | 3.00 | 0.00 |0.00 | 0.00 | 3.00 | 0.00
55 0.00 | 0.00 | 4.00 | 0.00 0.00 | 0.00 | 4.00 | 0.00 | 0.00 | 0.00 | 4.00 | 0.00
Note: Rmax=55, then the analysis is stopped.

Table 5: The values of the deviations according to the different plans with respect to
G, =150

This analysis can be made from other side (in terms of the interdiction budget), as well.
Similarly, it can be considered that the leader wants to fix the damage that is given to the
follower at $150 (G, =150) (See Table 5). If the leader wants to determine the interdiction

budget at most $30, according to the Plan I and Plan III, he should increase the budget as $17.
However, if the budget constraint is more importance than the damage (Plan II), he should
increase the budget as $9. To clarify, he fails to reach the damage goal ($150). He can give
damage to the follower as $120 with an interdiction budget of $39. In these analyses, the
numerical values are increased five by five, but the more sensitive analysis can be conducted by

increasing the numerical values one by one, as well.
4. Conclusion

In this paper, we study the bi-level procurement game (Model-BI) that can be modeled as a
static Stackelberg game between a leader and a follower. Then, it is converted into mixed
integer program (Model-F) where the leader explicitly maximizes the minimum cost (achieved
by the follower) with interdicting the supplier. The aim is to investigate the relationship
between the interdiction budget of the leader and damage that is given to the follower.
According to the results in Table 3, it is seen that there are unnecessary interdictions in terms
of effective usage of the budget. So, in order to avoid these unnecessary interdictions, a goal
programming (Model-G) that both helps the determination of relationship between the budget
and damage that is given to the follower and allows to take efficient decisions about the
interdiction is presented. Computational results indicate that Model-G is a powerful tool in
terms of adjustment of the budget and damage for the leader.
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