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Abstract

In this paper, we discuss aggregate measures of marginal costs of public funds
(MCF) in populations that are heterogeneous with respect to observed as well as
unobserved characteristics. We first discuss how to compute MCF in selected
examples of traditional (textbook) labour supply models. Next, we review two
types of discrete labour supply models proposed in the literature. Subsequently,
we discuss how to calculate aggregate measures of MCF for discrete labour sup-
ply models. Finally, we apply an estimated two-sector discrete labour supply
model to compute MCF based on Norwegian data.

Keywords: marginal costs of public funds, discrete choice labour supply, compen-
sated labour supply

1 INTRODUCTION

Pigou (1947), Harberger (1964), and Browning (1976, 1987) introduced the con-
cept of (compensated) marginal cost of public funds (MCF) as a measure of the
cost of a marginal change in public revenue, defined as the reduction in consum-
ers’ surplus relative to the increase in tax revenue. In the case of redistributing the
revenue to the consumers as a lump-sum tax, the income effects of the tax change
are neutralized, and the marginal cost of public funds relates only to the distortion-
ary effect of the tax change. Subsequently, Mayshar (1990), Kleven and Kreiner
(2006), and Jacobs (2018), have discussed how MCF can be obtained. Figari,
Gandullia and Lezzi (2018) have discussed and calculated MCF for Italy, and
Kleven and Kreiner (2006) have calculated MCF for five European countries
(Denmark, France, Germany, Italy, and the UK). See Ballard and Fullerton (1992),
Dahlby (2008), and Jacobs (2009) for reviews.

Nowadays, MCF is widely used in cost-benefit analysis. A well-known example
where MCF is useful is in assessment of the toll price to finance a new road or
bridge. It is important to stress that MCF is the marginal cost of taxation, given the
existing tax system. It is not a tool adequate for evaluating tax reforms.

Most of the previous works on MCF assume that a representative agent represents the
behaviour of a population of individuals. However, this assumption is controversial. In
fact, a representative agent does not exist unless very strong and unrealistic assump-
tions are met (Kirman, 1992; 2010). As shown in the critique of Kleven and Kreiner
(2006), most works also ignore labour supply responses at the extensive margin.

Jacobs (2018) has proposed and discussed an aggregate measure of MCF based on
a labour supply model in which utilities and wages depend on individual skills. In
this paper, we propose an analogous aggregate measure of MCF.! In principle, one
can use any empirical labour supply model to calculate MCEF, if it accounts for
observed and unobserved heterogeneity in preferences, such as the traditional

! Some of the results in this paper were also obtained in Dagsvik, Strem and Locatelli (2019).



textbook model. Unfortunately, the textbook labour supply model is highly stylized. 2 4 1
Specifically, it ignores key features of the labour market, namely that workers have

preferences over type of jobs and that the set of jobs that are available to a worker is

limited. Furthermore, the textbook model ignores that the choice of hours of work is

typically constrained, and often limited to full-time or part-time hours.

In recent years, many empirical analyses of labour supply have been based on the
discrete choice framework (standard discrete labour supply model), pioneered by
van Soest (1995). The standard discrete labour supply model can easily accom-
modate non-linear and non-convex budget sets, which represents a major diffi-
culty in the traditional model. It is therefore very convenient for use in empirical
applications. However, an essential shortcoming of the standard discrete labour
supply model is that it is, similarly to the traditional model, unable to deal with the
restrictions mentioned above that workers face in the labour market.

SOINONODH
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A model that accounts for choice restrictions in the labour market is a modifica-
tion of the standard discrete labour supply model, called the job choice model,
proposed by Dagsvik (1994) and Dagsvik et al. (1988). For a review, see Dagsvik
et al. (2014). Specifically, the job choice model is an extension of the standard
discrete labour supply model that accounts for restrictions on workers’ choice sets
of jobs. For example, due to institutional regulations and agreements between
labour unions there are typically more jobs that offer full time and part time hours
of work than jobs that offer other work schedules.

TNOYULS AVNILLS MIASOVA X NHOI
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In the next section, we review briefly how previous measures of MCF have been
defined and calculated based on the traditional textbook labour supply model for
a representative agent (worker). In section 3, we discuss implementation of aggre-
gate MCF in populations with heterogeneous workers. In section 4, we discuss the
calculation of MCF for traditional labour supply models and in section 5 we
review the discrete labour supply model and the job choice model, respectively.
Section 6 discusses how MCF can be computed based on the standard discrete
choice- and the job choice model, while section 7 reports the calculation of MCF
for Norway based on the estimated two-sector job choice model.

2 MARGINAL COST OF PUBLIC FUNDS BASED ON THE REPRESENTATIVE
AGENT ASSUMPTION

Consider the choice of labour supply of a representative agent and assume that the
tax function is differentiable and convex, and can be represented by a scalar z. Let
V' (¢, y) denote this indirect utility that corresponds to the direct utility of hours of
work and let e (¢, u) be the corresponding expenditure function, where u denotes
utility. The indirect utility and the expenditure function depend on the tax system,
the gross wage rate and (ex-ante) non-labour income y, but the gross wage rate is
suppressed in the notation here. Moreover, let R (¢ 4, y) be the revenue collected
by the government, as a function of the tax system, hours of work /# and non-
labour income y. Finally, let h (¢,y) denote the uncompensated labour supply
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function and ﬁ"'(t, u) the corresponding compensated labour supply function.
Hakonsen (1998), Ballard (1990), and Mayshar (1990), have proposed a measure
of MCF given by
B e(t,V(t, )/ ot |,

. aR(fsl;(f,y)’y)/ai |f:,

)

1

where 7 represents any tax system and ¢ represents the current (optimal) system.
Jacobs (2018) argues that the definition above appears to suffer from an inconsist-
ency because the numerator is a compensated measure, whereas the denominator
is an uncompensated measure. Instead, one should replace the uncompensated
labour supply function in the denominator by the compensated labour supply
function. Thus, the modified measure that follows becomes

_ Oe(i,V (t,y)) /0t |,
CORGE KV (1 y)), eV (1)) /O |,

2

2

Note that in (2) the compensated supply and expenditure functions are evaluated
at the ex ante utility level V' (¢, y). The difference between M, and M, is that in the
first measure the tax revenue is based on uncompensated labour supply whereas
the latter one is based on compensated labour supply and (ex post) expenditure.

3 MARGINAL COST OF FUNDS IN HETEROGENEOUS POPULATIONS
In this section, we discuss an aggregate measure of MCF for heterogeneous popu-
lations that represents an extension of the measure proposed by Jacobs (2018).2

Consider a heterogeneous population of individuals who either work or do not work.
Here, the possibility of unemployment is ruled out. The individuals are characterized
by a vector of socio-economic variables x (say). Let V(#),x) denote the individual
indirect utility as a function of a vector of individual characteristics x and let e(z,u,x)
denote the corresponding expenditure function, given utility level u. Atkinson (1983)
has proposed a welfare function that is analogous to the following function

w(i)= Efe(t,V(t,y,%),x) "} 1

l1-¢
for ¢ # 1 and equal to
W(f) = E(log e(f, V(t,y,x),x))

for e = 1 where E is the expectation operator with respect to the population distri-
bution of (x,)) and ¢ is a parameter that reflects the inequality aversion of the

2 For a recent discussion of applying aggregate money metrics in welfare analysis, see Bosmans, Decancq
and Ooghe (2018).



government. However, in this paper, where the focus is on MCF, we need an 2 43
aggregate money metric cost function, which is obtained by letting ¢ = 0. Note that

when # = ¢ then W(f) = Ey. Thus W(¢) — Ey is the aggregate cost of replacing ¢ by

{.If t is optimal then W(7) — Ey is always positive. Otherwise, W(¢) — Ey might be

negative if 7 is better than ¢.

The actual tax system may be interpreted as optimally chosen by the authorities.
This means that we assume the government has done its best to optimize taxes and
redistribute income. We have no reasons to overturn the judgment of the politi-
cians. We also assume that lump-sum taxes are not an alternative.

SOINONODH
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With ¢ = 0 it follows that

OE(e(f,V (t,y.x),x))
ot

wW'(1) = - (€)

is the marginal aggregate cost associated with a marginal change of the actual
(optimal) tax system .

TNOYULS AVNILLS MIASOVA X NHOI

An obvious extension of the measures discussed in the previous section is

SANNA DITdNd 40 SLSOD TYNIDUVIN ALVOTIDOY

. aE(@(f, V(tn yn x),x))/@f |f:t
. GE(R(f, iltc (fa V(t: y: x)a X), e(fa V(t: ya )C), x))) / a; |f:t

“4)

3

In a case in which the tax system is represented by a vector ¢, with components
that are functionally dependent, one cannot use the measure in (4). Instead one can
use the measure given by

= _ E(e(faV(tsy5x)3x)_y) _
E(R(,h* 1,V (t,y,%),%),e(,V (1, y,x),x)) ~ E(R(, h(t, y, X), »))

)

4

where 7 is “close” to ¢, and where 7 and ¢ now are vectors.

4 TRADITIONAL LABOUR SUPPLY MODELS

In empirical analysis and calculation of MCF one needs specifications of func-
tional form expressions for the uncompensated and compensated labour supply
and expenditure functions that are reasonably practical to work with. Below we
shall briefly discuss two cases where explicit expressions can be obtained. For
simplicity, we suppress the vector of individual characteristics in the notation.

4.1 LINEAR LABOUR SUPPLY FUNCTION
In this section, we consider the implementation of MCF in the case of the linear
textbook labour supply function

];(K', y) = max(a +bxkw+cxy,0)
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where 1 — « is the marginal tax rate (which is known) and w is the individual’s wage
rate (Hausman, 1980, 1985). One or several of the parameters a, b and ¢ may depend
on individual characteristics to accommodate observed and unobserved heterogene-
ity in preferences. Note that the Slutsky conditions imply that the parameters a, b and
¢ must satisfy specific inequalities. The expenditure function that corresponds to the
linear supply function, as a function of the tax rate and utility level, is (Stern, 1986)

e(rc,u) = uexp(—czcw)—émw-%_ﬁ ©)
c A e

when w is greater than the reservation wage rate. Otherwise, w is to be replaced by
the reservation wage rate. By Shephard’s lemma it follows from (6) that the com-
pensated labour supply function with tax is

¢ (x,u) = max(uc exp(—ckw) + é, 0)- (7
C

Suppose for example that all the parameters a, b and ¢ are stochastic. If the joint
distribution of (a, b, ) has been estimated, then one can simulate M., given a
sample of individuals who either work or do not work, while accounting for the
restrictions implied by the Slutsky conditions.

If the tax function is non-linear, differentiable and convex, the labour supply func-
tion admits the form

};(t, ) =max(a +bm(t,hw)+cy(t, hw),0) (8)

where m(t, hw) is the marginal wage rate at labour income Aw and y(¢, iw) is the
so-called virtual non-labour income. Analogous expressions hold for the expendi-
ture and the compensated labour supply functions. Thus, in this case the labour
supply function is only given in implicit form because the right side of (8) depends
on hours of work. However, it can still be estimated by known methods, either by
using instrument variable techniques or by using the maximum likelihood method
combined with the transformation of variables device and the corresponding Jaco-
bian. In this case, it might be cumbersome to simulate M, because one must solve
non-linear equations for expenditure, uncompensated and compensated hours of
work for each draw of the stochastic components.

4.2 SEMI-LOG LABOUR SUPPLY FUNCTION

In this case, with a linear tax system, the uncompensated labour supply function
has the form (Heckman, 1974)

h(x,y) = max(a +blog(xw)+cky,0)



Also, in this case the Slutsky conditions imply restrictions on the parameters, a, b
and ¢, see Stern (1986). The expenditure function of the wage rate and utility that
corresponds to the semi-log supply function has the form (Stern, 1986)

e(x,u) =uexp(—ckw)— élog(lcw) + éexp(—acw)f(cxw) _4 9)
c c c

where
f(x)= J': z'e’dz

and d is a positive constant. The equation in (9) holds when w is greater than the
reservation wage rate. Otherwise, w is to be replaced by the reservation wage rate.
By Shephard’s lemma, it follows that the corresponding compensated labour sup-
ply function becomes

h (xw,u) = max(uc exp(—ckw)+ bexp(—ckw) f (ckw),0).

As in the case discussed in section 4.1, M, can easily be simulated given that the
distribution of (a, b, c¢) has been estimated, and taking account of the restrictions
implied by the Slutsky conditions. However, as with the linear labour supply func-
tion, when taxes are non-linear, the estimation and simulation might be cumbersome.

5 DISCRETE LABOUR SUPPLY MODELS

As mentioned above, there are two types of labour supply models based on the dis-
crete choice framework (McFadden, 1974) proposed in the literature. The standard
discrete labour supply model was proposed by van Soest (1995) whereas Dagsvik
(1994) and Dagsvik et al. (1988) proposed the job choice model, which contains the
standard discrete labour supply model as a special case. For simplicity, we suppress
the vector of individual characteristics in the notation also in this section.

5.1 THE STANDARD DISCRETE LABOUR SUPPLY MODEL

The standard discrete labour supply model differs from the traditional textbook model
in that the set of feasible hours of work is finite, say equal to D, and that the stochastic
specification of the utility function differs from the traditional labour supply model.

An individual in the labour market faces the budget constraint
C(t,h,y)=hw+y—R(t,h,y) (10)
where C(t, &, y) is disposable income given the tax system, wage rate, hours of

work and non-labour income. Let U(h) be the (conditional indirect) utility of
working 4 hours and assume that

U(h) = u(C(t,h, y),h)+ &(h) (11)
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where u(C, h) is a deterministic function that is increasing in disposable income C
and decreasing in hours of work 4, and &(h), h € D are i. i. d. random taste shifters
which are distributed according to the standard Gumbel c. d. f. exp = (—e™) for real
x. These random variables are supposed to represent unobserved heterogeneity in
tastes. To the individual agent the random taste shifters are perfectly known at the
moment of choice. It follows from (11) that the probability of working % hours,
@,(t,y), becomes

0,(t,) = P(U(h) = maxU (1))

exp(u(C(t,h, ), ) (12)

" exp(u(C(1.0,7),0) + Y. exp(u(C(t,r,y),r))

reD\{0}

for 1> 0 (McFadden, 1974). For 7 =0, ¢, (¢, y) is obtained by replacing the numera-
tor in (12) by exp(u(C(t,0, »),0)), In contrast to the traditional textbook model, the
labour supply function cannot be expressed in closed form in this case. Instead, the
distribution of labour supply is expressed by the simple formula given in (12), as a
function of the systematic part of the utility function and the budget constraint.?

5.2 THE JOB CHOICE MODEL

The job choice model allows the researcher to account for latent choice restric-
tions in the labour market. Such restrictions may explain why the distribution of
hours of work typically show peaks at full-time and part-time hours of work and
that some workers face smaller (latent) sets of job opportunities than other work-
ers. In this model, the household derives utility from household consumption,
leisure, and non-pecuniary latent job attributes.

Let k=1, 2..., be an indexation of the jobs (latent) and let k = 0 represent no job.
The utility function now has a slightly different form than the one given in (12),
namely

U(h, k)= pu(C(t,h,y),h)+¢e(k) (13)

where, as above, u(C, h) is a positive deterministic function that is increasing in C
and decreasing in 4. Evidently, k£ = 0, if and only if # = 0. The taste shifters {e(k)}
are i. i. d. with standard Gumbel c. d. f. The taste shifters account for unobserved
individual characteristics and unobserved job-specific attributes that affect prefer-
ences. The jobs have fixed job-specific hours of work schedules. Let B(%) be the set
of jobs with hours of work # that are available to the agent. The sets B(%), h € D, are
individual-specific and latent. Moreover, let & be the total number of jobs availa-
ble (to the worker) and g(#) the proportion of jobs in B(4) with hours of work 4.
Thus, 6 g(#) is the number of jobs with hours of work % in the set B(%). From (12)

* In the traditional case utility is assumed to be quasi-concave to ensure a unique maximum. In the discrete
case with finite D this assumption is no longer needed.



and (13) it follows that the probability that the agent will choose a specific job k& 2 4’7
in B(h) is given by the multinomial logit formula, namely

_ N eXp(/u(C(tﬂh’y)ah))
Plues = v ) > > exp(u(Cltr.)r)

reD keB(r)

m
B
e}
z
8
a
©

_ exp(u(C(t, 1, y), h))
exp(u(C(1,0,),00)+ D Og(r)exp(u(C(t,r,y),r))

reD\{0}
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Since the last expression does not depend on £ the probability that the agent will
choose any job with workload /4 follows by multiplying the probability above by
the number of jobs 8 g(h) in B(h), which yields

0g(h) exp(u(C(t,h, y), h))
exp(u(C(1,0,7),00)+ D Og(r)exp(u(C(t,r,),r))

reD\{0}

P, (t,y) = (14)

For h = 0, ¢,(¢,y) is obtained by replacing the numerator in (14) by
exp(u(C(2,0,y),0)). We note that (14) differs from (12) in that the exponential of the
systematic parts of the utilities are weighted by the opportunity measure, {6 g(r)}.

TNOYULS AVNILLS MIASOVA X NHOI

The first econometric application of this type of modified logit model with latent
“elemental” alternatives appears to be in Ben-Akiva and Watanatada (1981). They
discuss both a discrete and a continuous version. Dagsvik et al. (1988) is the first
published version of the job choice model applied to analyze labour supply behav-
iour. Formally, the utility maximization (with respect to hours of work) in the
presence of these types of latent constraints can formally be viewed as an uncon-
strained maximization problem, namely the maximization of

SANNA DITdNd 40 SLSOD TYNIDUVIN ALVOTIDOY

U(t, y,h) = max U (h, k) = v(C(t, b, ), ) + 7 (h)

with respect to 7 where {#(h)} are i. i. d. with standard Gumbel c. d. f. and where
the structural part v is given by

V(C,h) = u(C, h) +log(0g(h))

for 4> 0 and v(C, 0) = u (C, 0) for & = 0. Thus, mathematically, the model given
in (14) can be treated as if it were a standard discrete labour supply model with
u(C(t,h,y),h) replaced by v(C(t, h,y),h). Dagsvik and Jia (2016) have discussed
identification of i, € and g(%) in the job choice model. They also provide a simpli-
fied version of the proof originally given by Dagsvik (1994) that the job choice
model with discrete/continuous labour supply density follows from utility maxi-
mization (supplementary part of Dagsvik and Jia, 2016).
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6 MARGINAL COSTS OF PUBLIC FUNDS IN THE CASE OF DISCRETE
LABOUR SUPPLY MODELS

For simplicity, we also drop the vector of individual characteristics in the notation
in this section, but it is evident how the following analysis can be modified to
account for observable individual characteristics. In the following, the notion
“discrete labour supply model” is to be understood as either the standard discrete
labour supply model or the job choice model. In the case of discrete labour supply
models, one cannot use the standard approach discussed in section 3 because the
utilities, compensated and uncompensated labour supply and expenditure func-
tions are stochastic and cannot be expressed in closed form. Therefore, the usual
approach does not apply. Instead, one can use an approach that is analogous to
Dagsvik, Strom and Locatelli (2021).

Define the operator Z, by Z, = max(Z, 0), and let y, () be defined by

WC(,h, y,(D),h) = v(C(t,h, y), h).

Consider a setting where 7 is any value of the tax parameter, different from ¢, and
let

Y(@)=e@.V(t,y) and v, ({,2) = max(W(C(#,h,2),h),v(C(t,h, y), h)).

Moreover, we assume the existence of a subsistence level of disposable income
(minimum income necessary for survival) such that u(x, #) = —oo if disposable
income is less than the subsistence level. Let a be a constant such that v(C(z, 4, z),
h) = —oo when z < —a. In the following, if f (x , x,,...) is a differentiable function of
several variables we will use the notation f7(x,,x,,...) = of (x,,%,,...) / Ox,.

Theorem 1
Under the assumptions of the discrete labour supply model, we have that

v ()
N exp(W(C(t, h, y), h))dz
BO=3 | S5 i

and

ER(E,h(E,V(t,»)Y(E) =

heD

R(i,h, y, (1)) exp(/(C (1, h, ), h))
D exp(w, (7,y,(D)

v, (@)

+Zexp(v(C(t ) _[ RG.h.z) exp(v(C(f,h,z),h))vl'(C(f,h,z),h)C;(tA,h,z)dz
i (¥, ,expt, (.2}

The proof of Theorem 1 is given in appendix A.



Note that in Theorem 1 the tax system (represented by f) does not have to be a
scalar, but can be any multidimensional vector. The results in Theorem 1 can be
used to compute M, given by the formula in (5).

Consider next the case where the tax function can be represented by a scalar ¢.
This includes a tax system that can be expressed as ¢£'(y) where £(+) is a fixed
function of taxable income, y (say).

Corollary 1
Assume that 7 is a scalar. Under the assumptions of the discrete labour supply
model we have

% == 0, (0)

where

C/(t,h.
(1) = 8D
Ci(t,h.y)
The proof of Corollary 1 is given in appendix A.

Before stating the next result, we need to define right and left derivatives. Let f{(x)
be a function of a real variable and define the right derivative of f{x) by

0SSt 5
Ox 540 S ’

provided that the limit on the right side above exists. Similarly, define the left
derivative of f(x) by

O f(¥) _ i LJGH) =) 5
ox oo 5 o

provided the limit on the right side above exists. If 0" f(x)/0x =0 f(x)/ Ox then
fx) is differentiable. Let

pi(E,y)=P(h* @,V (t,y)) = h)
and define

00 ty) _ o piy), ety _opndy),
oo ot A
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Corollary 2
Under the assumptions of the discrete labour supply model we have, in a case in
which ¢ is a scalar, that

EOLD (1,1 0, W CEh IO 7,0,
_¢h(t:y)z %(t»y)Vf(C(taj»y),x)cal(faj»J’))(7j (t) _7h(t))+
and
a* C
SO 1,1 F 0, M DO SN0 7,0,
—®, (tay)z ¢j(tay)V;(C(tahay)ah)cé(t)hay))(yj (t) _7/h([))+

The proof of Corollary 2 is given in appendix A. From Corollary 2 we see that the
marginal compensated effect g, (¢, )/ 0t does not exist unless the tax function is
linear. Instead, one should use the right marginal compensated effect 0" ¢; (¢, )/ Ot
in the case of a tax increase and the left marginal compensated effect 0™ ¢, (¢, ) / Ot
in the case of a tax decrease. In the present case, it is only relevant to deal with tax
increases and one should therefore use the right marginal compensated effect.
Regarding the intuition why the left and right marginal effects differ, see Dagsvik,
Strem and Locatelli (2021).

Corollary 3
Under the assumptions of the discrete labour supply model we have, in the case
where ¢ is a scalar,

8+E{R(f,ﬁ"(f,V(t,y)),Y(f))} (t »)
P ., };)R(t h, )

and

0 ¢h(t y)

O {ERG. I (.1 (1.)).Y ()}
g o= LR R )R

The proof of Corollary 3 is given in appendix A.

Note that an implication of Corollary 3 is that

O™ {ER(F,h° (4, V(r,y>,Y(f))}| O™ ER(, I 0,V (1, ), SN
al’f t= t at =t

which says that the marginal expected revenue can be computed by replacing Y(7)
by y. The results of Corollaries 1 to 3 can be used to compute M, given in (4).



7 COMPUTATION OF MARGINAL COSTS OF PUBLIC FUNDS ASSOCIATED 25 1
WITH AN INCREASE IN MINIMUM TAX DEDUCTION

In this section, we discuss an evaluation of MCF that corresponds to a marginal increase
in the minimum deduction level (below this level taxes on wage income are zero). This
application is based on the sectoral job choice model (Dagsvik and Strem, 2006). In the
case of sectoral job choice there are several extensive margins, related to the choice of
working or not and the choice of sector. There are two sectors, public and private. This
model was estimated by using a sample of married women in Norway. Recall that the
job choice model accommodates restrictions on the workers’ choice sets and thus ena-
bles us to rationalize observed peaks at full-time and part-time hours of work.

SOINONODH

(z2z02) 092-6£T (2) 9%
MOLOFS DI'TdNd

Like many countries, Norway has a progressive tax system for taxation of labour —
income, with stepwise linear parts. The actual structure of the tax system in 1994 is
given in appendix B. In general, whenever a tax rate is changed in a piecewise linear
tax system one must also change other tax rates too, since the tax function is continu-
ous. This is not necessary when the minimum deduction level is changed. Thus, in this
application the tax parameter ¢ is a scalar, equal to the minimum deduction level.

Our estimate of the marginal cost of public funds, given in equation (4), is 1.15,
which is in the lower part of the range that others have found, also for Norway.
Numerous studies have demonstrated that married women respond more strongly
to changes in economic incentives than single women and men, married or not.
Since we include only married women in our sample, our estimate is, most likely,
higher than if men and single women had been included in the sample. Thus, if the
whole population had been used in the calculation of MCF, most likely the esti-
mate of the marginal cost of funds in Norway would have been less than 1.15.

TNOYULS AVNILLS MIASOVA X NHOI

SANNA DITdNd 40 SLSOD TYNIDUVIN ALVOTIDOY

8 CONCLUSION

In this paper, we have discussed aggregate measures of MCF, which account for
observed as well as unobserved population heterogeneity in preferences, with spe-
cial reference to discrete labour supply models. In the context of the discrete
labour supply model, which are based on a stochastic formulation of primitives,
one cannot use the usual approach to calculate MCF because the uncompensated
as well as the compensated labour supply and the expenditure functions are sto-
chastic and cannot be expressed in closed form. We have therefore used an alter-
native approach that enables the calculation of aggregate measures of MCF in the
case of discrete labour supply models. Finally, we have used an estimated version
of the job choice model to compute the MCF of the Norwegian income tax system
that corresponds to a marginal change of the minimum deduction level.
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APPENDIX A

Recall that y, (7) is defined by W(C(7, &, y, (), h) = v(C(t, h, y), h) where 7 is any tax
parameter different from ¢, Y(£) = e(f,V (t,y)) and v, (,z) = max(W(C(Z, h, 2), h),
v(C(t,h,y),h)). For simplicity we use the notation dz = (z + dz, z).

Lemma A1
Suppose Z is a non-negative random variable with c. d. f. F(z) where F(z)= 0 when
z <—a where a is a constant. Then

EZ = T zdF (z) :T (1-F(z))dz—a.

—a

The result of Lemma A1 follows by integration by parts.

Lemma A2
Under the assumptions of the discrete labour supply model we have that

Lemma A3
Under the assumptions of the discrete labour supply model we have that

q5,(t.dz) = P(h(t,y) = j,h* (£,V (t,y)) = h,Y({) € dz)
= P(h(t,y) = j,h(i,Y({)) = h,Y(?) € dz)

1y, () > 22 3, (D} exp(U(C(t. /. ), )+ WC (b, 2). WVICE b, 2), T B, 2)dz
(X, exp(v, (G.2))

and

{z = 3, D)} exp((C(t, 1, ). 1)

A ~ ~. A A 1
q;l1(t7z) = P(h(tsy) :h((taV(tay)) :h9Y(l) :Z): Z eXp(l// (f y (f)))

Lemmas A2 and A3 are applications to the i. i. d. Gumbel case of Theorems 3 and 4
of Dagsvik and Karlstrom (2005). In fact, Lemma A3 corrects Theorem 4 of Dags-
vik and Karlstrom (2005), as the latter claims that

D (f,z) =l{z=y, (f)}(ah (D)

which in general is not true as it is not always the case that

v, (£, 3,(0) = max(W(C(t,r, y), 1), W(C(A,7,3,()),)) = (C(t,7, ),7)

for all x in D.



Lemma A4 2 5 5

Under the assumptions of the discrete labour supply model the ex post compen-
sated choice probability of working % hours is given by
v (D)

PN = PR GV ) =0 = Y [ ¢F2)dz+ g5, @)

JEDV{RY (7

The result Lemma A4 follows immediately from Lemma A3.
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Proof of Theorem 1:

The first relation in Theorem 1 follows immediately from Lemmas A1 and A2. The
second relation in Theorem 1 follows from Lemma A3.

Q.E.D. .
Proof of Corollary 1: E ;
Assume first that y, (f) > y and that Az = 7 —¢ is small. It follows that ; ;
yh(i) ,V/,(f) E %
exp(v(C(t,h,y),h))dz exp(v(C(t,h,y),h))dz 8z
—a reD exply, A,z ¥y reD exply. 7,z E =

(A1)

D eXP, (7,2))

o [eXp(V(C(fnh’y)’h)) —9, (t,y)sz
We have

exp(/(Clt,h,y).h)
> ey, (i.2)

¢h(tsy)

O (C )Y [P 7, 2),2) = exp((C(t 7 1)),
> L ep((Ctr ). )Y expy,(7.2)

> lexp((C(E,r,2),r) —exp((C(t,r, ), X))y, (F) < 2}
> exp(y,(l,2)

=_¢h(t9y)
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Using the last relation and the mean value theorem for integrals, we obtain that the
following:

1t exp((C(t,h, ), 1)
N{(z@expwr(;,z)) "’"(””}Z

T D [exp(/(C(E,r,2),r)) = exp((C(t,r, y), Pz > y, (F)}dz
= _I D, (ta y) ~
°, Aty exp(y,(7,2))

t [exp((C(t, j,2), ) —exp((C(t, j, ¥), J))dz
=—p,(, - (A2)
e | A, ey, .2)

gyt )3 P2 ONKPACE 210, )~ exDACE /), )
Sy jeD AtZ,EDeXp(‘//r(st*))

) Y OXPO(CE /1), /) = exp(Cle, s D] | o)
SO )Z > e, (.2 At

where z* € (y,(f),y). When ¢ — ¢ it follows that z* — y Hence,
exp(W(C(Z, j,2"), )~ exp((C(t, /, 1), /) = 0

so that (A.2) implies that

[ exp((C(t,h,3), 1) .
( D, expy,(7,2) P (”Y)sz =0. (A3)

When y, (f) < y a similar argument as above leads to the same result as in (A.3).
By implicit differentiation we obtain

o Chy, G
17y = Gl 0)
Ci(t,h,y, (1))
implying that
: 2 C,(tah)y)
limy) (f) = ———22"2 =y (7). A4
f%tYh() Clthy) 7,() (A4)

Hence, by Lemma A1, (A.1), (A.3) and (A.4) it follows that

EY()-y 1 " exp(W(C(t, hy ), h))dz
At Atz 2 D ey, (7,2))

= " exp(C(th, ). )z o(A)
hed % AtzrsD exp(y,(t,z)) At

-(y+a)p,(t,y)

0= - o(A?)
_/%:) At @, (1, y)+ A = l;)yh(t)@,(ty)"'



which implies the result in Corollary 1.

Proof of Corollary 2:

When 7 —¢ = At is small it follows from Lemma 3 that

v; (1)

[ a5, 2)dz = exp(/(C(t, /. 1), /)

(0

yff) 1{y/. (f) >y, (f)}exp(v(C(f,h,z), h))v{(C(f,h,z),h)C;(f,h,z)dz
o > explw, (.2}

= (v, = »,(D)). 0,6, ), (t, YIV(C(t, h, y), T} (t, b, y) + 0(A?)

= (O =,0) A1) @, 3)0; (1, VI (C(t, b, 7). Tty ) +0(AD)

When Az > 0, then
Ait((yj'(t) IR (t))At) - (y-f’ &)= (t))+ - (7h -7, (f))+
and when Az <0, then

1, , , :
~{(r/0-si0)ar) =3 ©-r0) =~(1,0-1,0).
Hence, (A.6) implies that when Az > 0 then
v (1)
| 4G.20dz= (7, (0-7,)), 9,(6.9)0,(t.7)
o VI(C(t, b, v), )CL(t by y) + o(Af)

whereas when Az < 0 (A.7) yields

y; (1)
I g5 (i.2)dz ==ty ()~ 7, (t))+ @, (t, )9, (1, )
e VI(Ct, b, ), ))CL(t, b, y) + 0(AD)

(A5)

(A6)

(AT)

(A8)

(A9)
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Furthermore,

%@n@%@mwzfzgiﬂgﬁ%f%mw (A10)
=-p, (”y),; @, (6. exp(C(P. /.y, (D). )= v(C(t. /. ). )} =11, +0(Ar)
=—%mw;yﬁywmmJJ»n«qmﬁw+QMmea»mL+dm>
=—@xnwzg¢xnywxcaJdmjxxijo«na>—na»AQ++MA0

Hence, when A7 > 0 (A.10) implies that

a5 (@.3, ()~ 0,(t,y) (A1)
= =219, (1, 9) Y 0, (. YW(C(t. J. ) NCE (1, . 9) (7,0 =7,(0), +o(AD)
whereas when Az < 0 then
4 (0,3, @) =9, (t, ) (A12)
= A1, (1,0) 0,6 YV((C(t, . 3), )C3 (1, ) (7, ()= 7,(1))_ +0(Aty

jeb
The result of Corollary 2 now follows from (A.8) and (A.11), and (A.9) and
(A.12), respectively.
Q.E.D.
Proof of Corollary 3:

Note first that by the mean value theorem for integrals there exists a number,
¥ € (,(?),y,(7)) such that

v (@) v ()

| [ (RGh,2)= R( R, 3, ()5, (o 20z =L (R, v ) = R, 3, (0) [ 5,2z |

() ()

<R, y) =Rk y, D) |y ()=, @) (A13)
= (R, y") = R(t .3, () || () () = Y, (D) +0(A1) = o)

because V' =¥, ¥,(1) = ¥ when At — 0 so that R, h, v") — R(t, h, ¥,(0)) tends
towards zero when At — 0 Suppose next that A7 > 0. By using (A.13) and Lemma
A4 we get that



ER(E,h*(,V (1,9)),Y (D) = ER(t, (2, 7), y) 259

y; (1)
=Z( Z I R(f’h’z)q_j‘h(i‘\sz)dz_"R(f’hsyh(;))q;h(f’yh(f))_R(Z’h’y)(ph(tsy)]

heD\ jeD\{hy y,(7)

v (D)
J

=Z[R(f,h,y,,(f)) > J th(f,Z)dZ+R(f,h,yh(f))q;,(f,yh(f))—R(t,h,y)(/),,(hy)}LO(At)

heD jeD\{h} ()

(2207) 092-6£T () 9%

= > ((RG. .y, ()P} (£, )= R(t, h, ), (£, 1)) + 0(AD)

heD

= > (RG.h.y, (D)} . 3) = 0, (t. ) + (R .y, () = R(t. 1. )y, (1. 1)) + 0(A?)

heD

- Z[R(r h )M+(R(f,h,y,, )Rt ), (r,y)]+o(m)

heD

—Z[R(th 2@ bVAL y)A’] o(AY)

heD

TNOYULS AVNILLS MIASOVA X NHOI

which leads to the first relation of the corollary. The case in which A¢ <0 is proved
in a similar way and implies the second relation of the corollary.
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APPENDIX B

TAX FUNCTIONS

The tax functions for married couples are piecewise linear and given in the tables
below. The minimum deduction level ¢ referred to in the text equals NOK 41,907
for a married non-working woman and NOK 20,954 for a working woman.

TasLE B1

Tax function in 1994 for a married non-working woman whose husband is working,
1994

Male income, Y Tax T

0— 41,907 0
41,907 - 140,500 0.302Y_ — 12,656

140,500 — 252,000 0.358Y_ 20,524

252,000 — 263,000 0.453Y_ — 44,464

263,000 - 0.495Y__ —55,510

Source: Survey of Income and Wealth, Statistics Norway 1994.

TABLE B2

Tax function in 1994 for a married working woman NOK 1994

Wage income, Y Tax T
0- 20,954 0
20,954 — 140,500 0.302Y - 6,328

140,500 — 208,000

0.358Y — 14,196

208,000 — 236,500

0.453Y — 33,956

236,500 —

0.495Y — 43,889

Source: Survey of Income and Wealth, Statistics Norway 1994.





