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Abstract
The use of similarity theorems for simulation of the technological process of mineral extraction is considered. The list of 
parameters that significantly influence the process of underground leaching of minerals is defined. Using these param-
eters and fundamental laws of physics and chemistry, mathematical functions are determined to describe the processes’ 
behaviour under these conditions. The obtained mathematical functions make it possible to develop a computer model 
of polymetallic ores leaching. This allows for the prediction of the volume of extracted concentrate with minerals from 
the ore mass with the associated compounds. The obtained results of calculations showed a change in the volume of 
minerals extracted from the rock mass depending on the mass of the working agent, the volume of leached ore and the 
solvent percolation rate. The results of the research can be used at mining enterprises to extract polymetallic ores by 
underground leaching. Also, they allow for the estimation of the economic issues from mining the ore reserves.
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1. Introduction

Previous studies have shown that, despite the volatile 
political situation in Ukraine, coal (thermal energy gen-
eration) and uranium (nuclear energy) will remain the 
main energy sources in Ukraine. Moreover, the proposed 
technological methods of extracting coal are oriented on 
the combination of technologies, its extraction in compli-
cated mining and geological conditions, increasing the en-
vironmental quality of this process and processing wastes, 
already extracted on the surface (English, 2002; Griadu-
shchiy et al., 2007; Gorova et al., 2012; Dychkovskyi et 
al., 2018a). It is proposed to improve both traditional and 
new radical technologies in which mineral source is trans-
ferred to another aggregate state by means of complex 
thermochemical transformations (Khadse et al., 2006; 
Dychkovskyi et al., 2018b). Particular attention is paid to 

the stresses and mining pressure management (Dychkovs-
kyi 2015, a; Sobolev et al., 2020). The creation of artifi-
cial shells in the rock mass to ensure the passage of 
blowing mixtures is an effective way to obtain the ap-
propriate material and thermal balance of gasification 
(Dychkovskyi 2015b).

In this paper, the main attention is paid to the extrac-
tion of uranium raw materials. Long-term exploitation 
leads to the exhaustion of rich ores and the deepening of 
the mining depth.

For efficient extraction of poor and very poor polyme-
tallic ores using an underground leaching method, it is nec-
essary to:

– �analyze the technological and mining-geological pa-
rameters that influence this process;

– �consider the working agent influence on the recover-
able ore volume;

– �investigate the influence of the solvent penetration 
rate on the volume of extracted concentrate from the 
rock mass together with the associate compounds;
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– �investigate the regularities of volumes of mineral ex-
traction from the rock mass.

In the process of extraction, the technological parame-
ters are individual for each case (Sala and Bieda, 2019) 
and have a wide range, so their exact definition signifi-
cantly affects the cost of the product (Sdvyzhkova et al., 
2020; Kalybekov et al., 2020; Rysbekov et al., 2022; 
Pysmennyi et al., 2022). Finding the values of the techno-
logical parameters of leaching is reduced to the successive 
execution of the following steps:

1. �Consider the similarity theorems and determine the 
theorems that would describe the conditions of un-
derground leaching with certain known input data;

2. �Determine the physical and technological parameters 
that significantly affect the leaching process;

3. �Form independent, dimensionless combinations de-
scribing leaching processes taking into account fun-
damental physical and chemical laws;

4. �Obtain an equation that allows us to calculate the vol-
ume of extracted minerals with associate compounds 
from the leaching of rock mass;

5. �Create an experimental model using the software;
6. �Carry out the simulation of the volume of the extract-

ed concentrate (mineral) from the rock mass with cer-
tain technological parameters, physical & mechani-
cal properties of the rock mass and the volume of 
working agent.

After these steps are completed, it is possible to predict 
the volume of extracted minerals from the rock mass by 
underground leaching method for the poor and extremely 
poor ores. Such approaches correspond to classic meth-
odology of research, used for modelling complex sys-
tems related to the mining geological and mining engi-
neering systems. They are sufficiently presented in spe-
cialized literature (Krzanowski, R. M. and Raper, J., 
2001, Aleksakhin, A. et al., 2021).

The scientists who have described and applied the 
similarity theorems for mining modeling (Bommer and 
Schechter, 1979; Schechter and Bommer, 1982, Kabir 
et al., 1985; Bondarenko et al., 2012; Golovchenko et 
al., 2020). In their research papers, we can see the gen-
eral features of research methods that are devoted to the 
deterministic models of underground leaching. Different 
hypotheses of the rock mass permeability and stationary 
conditions of the working agent movement are used in 
their research, as well as Darcy’s law with the flow con-
tinuity equation to explain the flow of fluids. Further on, 
the working tubes of the working agent in a rock mass 
will be constructed where of the leached rock mass pa-
rameters serve as limitations. Then models of chemical 
kinetics interaction and mass transfer of leached prod-
ucts with reagent are formed with the subsequent simpli-
fication and corresponding calculation of concentration 
of the obtained minerals in the productive solution. Oth-
er scientists used numerical analysis that describes the 
leaching model in the plan and in the cross-section of a 

rock mass (Zheng, F. et al., 2020). However, most sci-
entists almost didn’t consider the fluctuation phenomena 
in the intermolecular space while creating the simulation 
of the kinetics of the solution flow (Vladyko & Ka-
liushko, 2013).

All the above-mentioned research was carried out to 
predict the extraction technological parameters, the 
amount of costs or profit from minerals extraction. The 
technological capability of the technology can also be 
determined by means of special software that has been 
tested for the extraction of the coal from thin seams 
(Vladyko et al., 2012; Pivnyak et al., 2013; Ghazdali 
et al., 2021; Turumbetov 2022). However, no one dem-
onstrates the creation of a model for calculating the val-
ues of leaching parameters, such as the volume of leach-
ing solution from the compatibility of technological 
parameters, as enterprises at the present stage of devel-
opment need similar leaching models that would provide 
an accurate prediction of the volume of the obtained 
mineral at the expected time. The main purpose of this 
study is to determine the planned volumes of extracted 
uranium that is involved in the process of leaching from 
the mass of the working agent, and the speed of its pen-
etration through the ore, using the P-model.

2. Method and numerical analysis

2.1. Brief description of the technology

The underground leaching method is used to extract 
uranium from deposits where the mineral is in a compli-
cated geological environment and the ore is graded as 
poor and/or extremely poor in terms of value. Such tech-
nology presupposes the extraction of a mineral with the 
help of working agents that leach out the mineral, and 
then, under its own weight it flows down to the lower 
part of the stoping area where it is removed by the drain-
age system (Rakishev et al., 2020; Yussupov et al., 
2021; Tsoy et al., 2021). A weak solution of acid, car-
bonate (bicarbonate), ammonium, sodium, potassium, 
calcium, and magnesium can be used as a working agent. 
The effectiveness of such a leaching process depends on 
the type of uranium mineralization, which may consist 
of uranium oxide (nasturane, uranium resin), uranium 
silicate (coffinite) and their combination. Accordingly, 
certain technological parameters were determined, and 
the technological scheme of leaching process was devel-
oped (see Figure 1).

Figure 1 shows the movement of the solution from 
the surface to the top part of the stoping area (blue ar-
row). The productive solution passing through a rock 
mass is pumped through the riser to the upper horizon, 
and then to the surface (red arrow with a dot). To further 
determine the technological parameters of the leaching 
process, let’s consider the flow of the solution through 
the ore mass in zooming upscale (see Figure 2)

https://www.scopus.com/authid/detail.uri?authorId=57192311966


171� Simulation of leaching processes of polymetallic ores using the similarity theorem

Rudarsko-geološko-naftni zbornik i autori (The Mining-Geology-Petroleum Engineering Bulletin and the authors) ©, 2022,  
pp. 169-180, DOI: 10.17794/rgn.2022.5.14

Figure 2 gives a certain explanation of the analytical 
model being developed. Blue solid arrows from the top 
to the bottom show the movement of the solution through 
an ore mass after drilling-and-blasting operations. Drill-
ing and blasting are an important part of the mine plan-
ning and management and widely adopted techniques 
for overburden removal and ore excavation (Shcherba-
kov et al., 2021; Serdaliyev and Iskakov, 2022). One 

of the drilling methods was proposed by the scientists of 
Dnipro University of Technology (Dudlia et al., 2018; 
Shyrin et al., 2018). Water control was also justified 
(Caceres and Alca, 2016; Bazaluk et al., 2021; Ruda-
kov and Westermann, 2021). So, having considered 
the spatial location of the leached area, we will turn to 
the definition of technological parameters. The determi-
nation of leaching parameters requires analytical studies 
of the processes of mineral extraction from the ore mass. 
There are several similarity methods to perform this 
task, one of which was chosen in the current study.

2.2. �Choice of similarity theorems to solve  
the set tasks

As experimental and theoretical studies (Nanosov 
and Resin, 1999) show that the nonlinear transfer pro-
cesses have specific features that are absent in the linear 
ones. Therefore, the corresponding experimental and 
theoretical problems in these cases can’t be adequately 
solved within the framework of linear analysis exclu-
sively, however it is possible with the nonlinear since the 
process of liquid transfer can occur physically on differ-
ent scales.

In some cases, the use of the theory of dimension  
(P-theorem) reduces the number of independent varia-
bles, using self-similar equations in mathematical phys-
ics. Wide possibilities of applying this theory allow its 
use for solving the problems of motion of the laminar 
boundary layer in liquid. In this connection, the P-theo-
rem becomes particularly important, which allows us to 
carry out a factor analysis of the physical phenomena 
inherent in the leaching process, thereby significantly 
simplifying the number of calculations in the model 
(Maltsev, 2015; Maltsev et al., 2018).

Let’s consider the basic similarity theorems: the first, 
second, and third theorems of similarity. We found them 
particularly interesting for the perfect mathematical ap-
paratus that describes research processes and many data 
calculations in various fields of science, since they solve 
physical and technical problems where the phenomenon 
under study is described not by ordinary dimensional 
values, but by dimensionless complexes – similarity cri-
teria that allow for the study of whole groups of similar 
phenomena (Nanosov and Resin, 1999). Necessary and 
sufficient conditions for the existence of similarity are 
required to ensure the reliability of research results ob-
tained with the models under a limited number of ex-
periments with various combinations of parameters. 
These conditions are reflected in three theorems of simi-
larity. The first and third theorems define the necessary 
conditions of similarity, the second one – necessary and 
sufficient conditions.

The first theorem of similarity is Newton’s theorem, 
which states that similar phenomena have homogeneous 
parameters, and corresponding values of homogeneous 
variables are related to each other by means of equality 

Figure 1: Flow chart of the working agent flow during 
underground leaching of uranium using a sulfuric acid 

solution: ,  – the direction of the solution 
movement from the surface to the stoping area (blue arrow), 

and from the leaching chamber together with the 
concentrate to the surface (red arrows with the dot)

Figure 2: Flow chart of movement of the working agent 
through the rock mass during underground leaching
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of similarity criteria of the same name – the dimension-
less complexes of values appearing in dimensionless 
equations and describing these phenomena. This theo-
rem states that similarity criteria must be the same for 
similar phenomena. It does not indicate how to establish 
similarity and implement it, but only forms the neces-
sary conditions for its existence (identical criteria of 
similarity) (e.g. Ruppeneit and Liberman, 1961).

The second similarity theorem is Federman-Bucking-
ham theorem which states that the research results 
should be presented as dependencies between the crite-
ria. The functional dependency between the similarity 
criteria is called the criterion equation, which describes 
the whole group of similar processes. This is of great 
practical value and allows for the simulation of an indus-
trial object in a similar laboratory model. The type of the 
criterion equation is determined experimentally. In many 
cases, this dependency is represented in the form of a 
statistical function, in which the complete equation of 
the physical process recorded in a certain system of units 
can be represented by the relationship between the simi-
larity criteria, that is, the dependency that binds dimen-
sionless quantities which are in some way derived from 
the parameters existing in the process. From this it fol-
lows that if the functional dependency of this phenome-
non (parameters, factors) is known, but its mathematical 
description is unknown, then similarity criteria can be 
obtained. This mathematic apparatus was successfully 
used for the physical modelling of various phenomena in 
aerodynamics, hydrodynamics, the theory of elasticity, 
the theory of oscillations, etc. (Hanche-Olsen, 1981).

The third similarity theorem states that the criterion 
equations are applied only to similar processes. The phe-
nomena are similar if their influencing criteria are nu-
merically equal, and therefore the criteria that are deter-
mined are also equal. This theorem determines the nec-
essary and sufficient conditions for the similarity of 
physical phenomena. It states that the necessary and suf-
ficient conditions for the creation of similarity are the 
proportionality of similar parameters included in the 
conditions of uniqueness, and the equality of criteria for 
the similarity of the studied phenomenon.

The conditions of uniqueness are the conditions that 
determine the individual characteristics of the phenom-
enon, for example, the initial, boundary or edge condi-
tions and don’t depend on the mechanism of the phe-
nomenon itself (Hanche-Olsen and Holden, 2010).

Based on this, we can say that the study of processes 
with the method of similarity theory consists in obtain-
ing their mathematical description by means of differen-
tial equations and single-valuedness conditions, their 
transformation into the criterion equation and finding a 
particular type based on the experimental study of the 
process.

The complexity of the processes taking place during 
leaching, and their mutual influence and multifactorial 
nature complicate the use of analytical methods. Sem-

iempirical methods offer great opportunities in this di-
rection, among them the theory of dimensions, based on 
fundamental physical laws (Ruppeneit and Liberman, 
1961; Mushelishvili, 1966; Chernov, 1997). The theo-
ry of dimensions is based on the Pi-theorem, the basic 
theorem of dimensional analysis. The theorem states that 
if there is a dependence between n physical quantities 
that does not change when the scale of units is changed 
in a certain class of unit systems, then it is equivalent to 
a relationship with a smaller number p=n-k of dimen-
sionless variables, where k is the largest number of val-
ues with independent dimensions among the initial n 
quantities. The P-theorem allows us to establish a gen-
eral structure of dependence, which proceeds only from 
the requirement of invariance of physical dependence 
when the scale of units is changed, even if the specific 
type of dependence between the initial values is un-
known. That is, in accordance with the P-theorem, the 
connection between independent physical quantities 
would have a certain physical content, for this, it is nec-
essary to represent it as a function of dimensionless 
combinations of these values. In other words, with the 
help of P-theorem, it is possible to obtain the desired 
connection in the form of functions with sufficient ac-
curacy to the constant product, avoiding the specific de-
pendence between the values. We use this theory to ob-
tain links between physical quantities that influence the 
leaching process in certain mining-geological condi-
tions. The analysis of the parameters of the leaching pro-
cess for poor and very poor uranium ores has shown that 
leaching in the ore of the albite formation has several 
features, the description of which is complicated by a 
large array of data, which are used in practice and give 
significant deviations. Therefore, the use of P-theorem 
satisfies our needs and to ensure the complete similarity 
of a model to a real object, the following conditions are 
necessary:

– �the processes in the model and the sample belong to 
one class of phenomena (the phenomena are quali-
tatively identical) and, accordingly, these processes 
are described by the same equations;

– �qualitatively similar conditions of uniqueness (geo-
metric, initial, boundary conditions);

– �the determinant similarity criteria (dimensionless 
complexes constructed from scale factors and task 
parameters) at the corresponding time at the corre-
sponding points are numerically equal.

Along with meeting the conditions, it is necessary to 
determine the parameters that influence the leaching 
process, and which are necessary for the simulation. 
Therefore, we will determine their list. The physical val-
ues (factors) that influence the leaching process are as 
follows (Dychkovskyi et al., 2018a):

– �the weight of the leached ore, more, kg;
– �the volume of the leached ore, Vore, m

3;
– �ore density, ρore, kg/m3;
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– �the weight of the working agent involved in the 
leaching, magent, kg;

– �the volume of the working agent involved in the 
leaching, Vagent, m

3;
– �the density of the working agent, γagent, kg/m3;
– �the porosity of the leached ore mass, Рore, unit frac-

tion;
– �the concentration of the solvent in the working 

agent, Сagent, unit fraction;
– �the temperature of the leached ore mass, tore, ºС;
– �impurity content that affects the course of chemical 

reactions, core, % (kg/m3);
– �cross-section that the working agent has to pass 

(penetrate, contact), Sore, m
2;

– �concentration of uranium inclusions in the mass, 
Qore, kg/m3;

– �the volume of extracted uranium concentrates from 
the rock mass with associated compounds, VU, m3;

– �solvent penetration rate through the rock mass, ε, m/
hour;

– �solvent diffusion rate into the depth of an ore mass, 
υDf, m/hour;

– �total leaching time, Tleach, hour;
– �the size of pores and cracks, Dp, m;
– �the pressure of solvent injection into the leached 

rock mass, Pagent, kg/m2;
– �ore moisture, φ, % (unit fraction, g/m3);
– �average size (diameter) of uranium-containing in-

clusions (grains), ed, m;
– �coefficient of influence of useful sorption processes 

during leaching, ksorb, % (unit fraction);
– �effective surface of inclusions (grains) with the 

leached mineral, ef, m
2;

– �mineral content in the mass, α, % (unit fraction, g/m3).

2.3. �Equations and solutions for modelling, using 
the P-theorem

Having determined these factors, it becomes possible 
to move on to into the formation of dimensionless com-
binations based on fundamental physical laws to provide 
the P-theorem. The resulting non-dimensional combina-
tions will have the following form. The main combina-
tion

	 � (1)

covers (describes) the volume of uranium concentrate 
obtained with concomitant compounds and the working 
agent passing through it. The first combination takes into 
account the leaching process duration and the rock mass 
property influencing the process

	 � (2)

– in other words, it includes the solvent flow rate (per-
meability) through the rock mass, the total time of its 
staying in the rock mass, the useful cross-section area 
through which working agent passes, the porosity coef-
ficient and volume of the ore (rock mass volume with a 
constant volume of uranium-bearing compounds) 
leached out (explains the movement of the solution 
through the rock mass, taking into account its specific 
features). The second combination describes the ratio of 
the working agent to the leached ore mass (the absolute 
mineral content in the mass). Where the volume of min-
eral is equal to the product of the density by ore volume 
by the mineral content in it

	 � (3)

And relative mass of the working agent to the mass of 
mineral, which allows for it to be presented as follows

	 � (4)

– coefficient, which includes the volume, ore density 
and the mass of the working agent passing through it (in 
essence, this partly explains the change in the properties 
of the working agent during leaching). The third and the 
last combination considers two related processes. The 
first is a process that reflects the penetration rate of a 
working agent into the rock mass due to its injection or 
under its own weight. Excessive pressure greatly accel-
erates the saturation of the mass with the reagent and 
improves its interaction with uranium compounds, and 
consequently, positively affects diffusion processes (on 
the physical level). On the other hand, the proportion of 
mineral in the unit weight of working agent with other 
equal conditions varies depending on the total weight of 
the solvent which passes through the ore mass. The sec-
ond is a process that reflects the leaching process de-
pending on the effective area of interaction with the min-
eral. Thus, the mineral to be obtained must be dependent 
on the following factors

	 � (5)

Based on this, we can formulate the last independent 
dimensionless combination, which will have the follow-
ing form

	 � (6)

which will reflect the solvent injection pressure, its 
weight, diffusion and sorption processes.

Consequently, the above equations of dimensionless 
combinations of uranium concentrate extraction VU de-
pend on the following factors:

	 � (7)
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We will record the obtained combinations from Equa-
tion 1 in a certain sequence of importance

	 � (8)

According to the P-theorem, there should be the fol-
lowing dependence between them:

	 � (9)

Where (Maltsev, and Vladyko, 2015; Kravchenko, 
2008):

VU ~ 200–250 m3;
Vore ~ 87000–88000 m3,
Vagent ~ 600–650 m3,
ρore ~ 2.5–2.7 t/m3,
magent ~ 5.0∙105–5.5∙105kg,
ε ~ 0,005–0,05 m/hour,
Tleach ~ 2160–4320 hour,
Sore ~ 1100–1300 m3,
Pore ~ 0.04–0.09 unit fraction,
ksorb ~ 0.95–0.90 unit fraction,
Pagent ~ 0.3–0.5 kg/m2,
Ef ~ 9–11 m2.
Taking into account that the variables in the depend-

ence are at certain intervals, one can establish that the 
powers of dimensionless ratios have the following values:

	 ~10-1; ~10-2;

	 ~10-3; ~10-6.� (10)

In this view, the connecting function can be expanded 
by the smallest value in the Taylor’s and Macloren’s 
(Nanosov and Resin, 1999) series by the combination 

	

	 ...� (11)

Provided that  and  the second and 
subsequent addends will give a small value that can be 
neglected. Accordingly, we obtain an equation in the 
form of:

	

	 � (12)

Experience shows that the volume of the leaked solu-
tion and the volume of uranium raw materials don’t act 
interdepend linearly, thus the function should be repre-
sented as the sum of the analytic f and non-analytic φ 
functions

	

	 � (13)

Taking into account only the main parts and regarding 
the small number of inner functions it contains, the fol-
lowing expression can represent (Nanosov and Resin, 
1999):
	 ;

	 � (14)

where a, b, c, d, e – are constant values; 0 < δ < 1.
Thus, we get

	

	 � (15)

To determine so many constant values from one equa-
tion, we use the created experimental-calculation model 
for finding the unknown values using the Mathcad pro-
gram. The averaged values of the input data are the 
following values of the combination coefficients Equa-
tion 15. The powers of coefficients constant values will 
be: a=2.641; b=29.261; c=1.6·10-4; d=5.532·10-7; 
e=5.53·10-7.

The additions on the right side of Equation 15 with 
constant coefficients c, d, and e in terms of smallness are 
much smaller than the values with constant coefficients a 
and b, so they can be neglected. So, we get the following

	 � (16)

For the convenience of determining the constant val-
ues we convert the resulting equation to the form

	 � (17)

where Δ – is infinitesimal value for certain values a and 
b, which, according to the method of least squares, are 
determined from the conditions

	 � (18)

where n – is the amount of experimental data for the 
determination of constant values.
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For these conditions (18) we obtain a system of two 
equations

	

	

	

	 � (19)

Let’s determine the constant value a

	 � (20)

but after substituting this equation into the following 
equation, it is impossible to find the value of constant b, 
because it’s reduced.

Thus, the volume of obtained uranium, depending on 
the main influential factors, can be determined from the 
equation (16) with the constant coefficient’s values cal-
culated in Mathcad with the developed model

	 � (21)

3. Simulation results and discussion

We use the predicted leaching data (Maltsev et al., 
2018) obtained in the research (Maltsev, 2015) to deter-
mine the constant coefficients a and b, and tabulate these 
data (see Table 1).

To find the values of constant coefficients a and b, we 
use Equation 15. To verify the correctness of Equation 
22 and the obtained values of coefficient a and b, we will 
respectively verify by finding VU, and put these results 
into Table 2 by five calculations, which is sufficient to 

confirm or refute the hypothesis. The value of VU is 
found in Equation 15, which will look like

	

	 �(22)

ì
ï
ï
ï
ï
ï
í
ï
ï
ï
ï
ï
î

Table 1: Output data from leaching processes to determine the constant coefficients 

# VU,
t

Tleach, 
days

Vore,
m3

ρore,
t/m3

Sore,
m2

Рore, 
MPа

ε, m/
hour

magent,
t

Vagent,
m3

1 60.44 80 88000 2.25 1000 1 0.045 503.65 387.42
2 45.04 80 66000 2.34 825 1 0.028 390.34 300.26
3 66.60 80 96800 2.38 1210 1 0.029 577.18 443.98
4 63.52 80 92400 2.27 1155 1 0.033 559.90 430.69
5 54.95 80 80000 2.30 1000 1 0.046 461.93 355.33
6 49.35 80 72000 2.32 900 1 0.035 423.99 326.15
7 49.34 80 72080 2.45 901 1 0.047 423.93 326.10
8 54.23 80 79040 2.27 969 1 0.038 455.93 350.71
9 59.34 80 86400 2.42 1080 1 0.045 531.85 409.12
10 69.68 80 101200 2.30 1265 1 0.044 593.54 456.57

Table 2: Verifying VU values by two equations: complete 
– Equation 15 and simplified – Equation 16

VU (15) 60.444 45.037 66.603 63.501 54.909
VU (16) 60.448 45.037 66.601 63.502 54.952

From the verification calculations, it is evident that 
both equations correctly find the volume of extracted 
uranium from the rock mass with compounds, with an 
error less than 1% and can be equally applicable, so 
Equation 21 will be applied. The obtained values of 
constant coefficients can be applied to predict the vol-
ume of extracted uranium with the associated com-
pounds during the recovery of the poor and extremely 
poor uranium ores of the albite formation.

Consequently, having these analytical equations it is 
possible to construct graphs which show the change in 
the volume of uranium concentrate, depending on vari-
ous technological parameters, some physical and me-
chanical properties of the rock mass and the working 
agent. The first parameter to set is the mass of the work-
ing agent involved in the leaching process magent. Its mass 
and the calculated values of the uranium concentrate 
with the related compounds VU will be presented in Ta-
ble 3, and to determine the type of dependence, the 
graph was created (see Figure 3).

The results of calculating the change in the volume of 
uranium concentrate obtained from the rock mass with 
compounds VU with the changes of the mass of working 
agent involved in the leaching process magent indicate that 
with an increase of the mass of the working agent, the 
volume of the extracted mineral increases in direct pro-
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Table 3: The volume of the extracted uranium with compounds VU over the mass of working agent involved in the leaching 
process magent

magent, t 200 300 400 500 600 700 800 900 1000 1100
VU, t 34.21 39.89 45.58 51.27 56.96 62.64 68.33 74.02 79.71 85.40

Figure 3: Dependence of changes in the volume of extracted 
uranium with compounds VU on the mass of working agent 

involved in the leaching process magent.

Figure 4: Dependence of the volume of uranium  
with associated compounds VU extracted from the rock  

mass on the volume of leached ore Vore

Table 4: The volume of the extracted uranium with compounds VU over the leached ore volume Vore

Vore, m
3 20000 30000 40000 50000 60000 70000 80000 90000 100000

VU, t 147.67 98.62 74.07 59.34 49.51 42.48 37.21 33.11 29.82

Table 5: The calculated volume of the extracted uranium with compounds VU over the solvent penetration rate  
through the mass ε

ε, m/hour 0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045
VU, t 26.43 30.51 34.56 38.59 42.62 46.64 50.66 54.67 58.68

Figure 5: Dependence of the volume of uranium extracted 
from the rock mass with related compounds VU on the 

solvent penetration rate through the mass ε

The next variable factor is the ore volume Vore that can 
be changed for monitoring the predicted extracted volume 
of uranium with associated compounds VU. The results are 
shown in Table 4, and, also, to determine the type of de-
pendence, a graph is constructed (see Figure 4).

The calculation results of the obtained volume of ura-
nium concentrate VU in relation to changing volume of 
leached ore Vore demonstrate certain dependence where 
with the increase of volume of ore mass, the volume of 
mineral extracted from the rock mass decreases by power 
law dependence with the maximum level of approxima-
tion. However, this reduction cannot last indefinitely, be-
cause we receive a certain volume of minerals because of 
leaching process. In addition, the increase in ore volume 
implies changes in the values of other indicators, such as: 
mass of the working agent involved in the leaching pro-
cess, the volume of uranium compounds in the mass, etc., 
which will constantly adjust the calculation results.

portion, but this growth cannot last indefinitely, since 
there are limits to the application of this graph: on the 
one hand, the volume of extracted uranium concentrate 
cannot exceed the volume available in the rock mass 
and, on the other, the limit of economic conditions.

The last factor proposed to change is solvent penetra-
tion rate through the mass ε. This rate along with calcu-
lated volumes of uranium concentrate with related com-
pounds VU is listed in Table 5, and the dependence is 
constructed, accordingly (see Figure 5).
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The results of calculating the volume of uranium ex-
tracted from the rock mass with related compounds VU 
over the solvent penetration rate through the mass ε 
demonstrate a direct proportional dependence between 
these two factors. Such an increase is possible due to the 
increase in the contact surface of the working agent with 
uranium-bearing compounds (uranium resin) in the rock 
mass, as well as due to unimpeded extraction of minerals 
from it. At the same time, such growth cannot last in-
definitely, since it is limited on the one hand by the vol-
ume of mineral that cannot exceed the available volume 
in the rock mass and, on the other, by the properties of 
the mass.

Thus, dependencies were obtained that allow us to de-
termine the volume of mineral on the mass of working 
agent, the rate of its penetration through the ore, and ore 
mass volume, as well as to predict the parameters of de-
veloping poor and extremely poor uranium ores by 
methods of underground sulfuric acid leaching.

4. Conclusions

The paper solves one of the unresolved issues in un-
derground leaching – prediction of changes in the vol-
ume of uranium concentrate considering certain input 
data. This solution is proposed through the development 
of the leaching process model based on a specific list of 
technological parameters and geological features. The 
novelty of this article is in the formation of models with 
the help of the P-theorem and the establishing depend-
ences of the extracted uranium volumes according to the 
technological parameters of the leaching. Since the input 
values of the leaching parameters are set at the initial 
stage or can be obtained after leaching, they do not allow 
for adjustments during the process. The developed mod-
el allows us to predict the value of these data in real 
time. Consequently, it can increase the efficiency of the 
leaching processes. To develop such a model, a list of 
similarity theorems was considered, and the P-theorem 
was chosen, which most accurately describes the condi-
tions of underground leaching of the poor and extremely 
poor uranium ores of the albite formation. The physical 
values and technological parameters that influence and 
regulate this process are determined, which include 
physical properties of the rock mass, physical and chem-
ical properties of the working agent, and other additional 
parameters involved in the leaching process.

Complex calculations performed in the Mathcad soft-
ware showed that:

– �change in the mass of the working agent involved in 
the leaching process has a linear effect on the vol-
ume of obtained uranium;

– �increase in the volume of the leached ore changes 
the volume of the minerals extracted from the mass 
by the power law dependence;

– �change in the solvent penetration rate through the 
rock mass has a directly proportional effect on the 

volume of uranium extracted from the rock mass 
with associated compounds within certain limits.

Using the fundamentals of the theory of dimensions, 
the complex consideration of uranium leaching condi-
tions is made, and the analytical dependencies are ob-
tained with a probability of above 90%, which can be 
used to predict the volume of uranium extracted depend-
ing on the technological factors and physical-chemical 
parameters of the working agent. In our further research, 
we will conduct the investigation of the synthesis of 
mining technologies for determining the level of com-
patibility of technology elements and their optimization; 
determination of the optimal stage for the implementa-
tion of the additional product technology; study of the 
impact of technologies have on each other and changes 
in the organization and comprehensive safety of work; 
determination of the complex permanent product, etc.
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SAŽETAK

Simulacija procesa pranja polimetalnih ruda pomoću teorema sličnosti

Razmatrana je uporaba teorema sličnosti za simulaciju tehnološkoga procesa ekstrakcije minerala. Definiran je popis 
parametara koji znatno utječu na proces podzemnoga pranja minerala. Koristeći se tim parametrima i temeljnim zako-
nima fizike i kemije, određuju se matematičke funkcije koje opisuju ponašanje procesa u tim uvjetima. Dobivene ma­
tematičke funkcije omogućuju razvoj računalnoga modela pranja polimetalnih ruda te je moguće procijeniti volumen 
ekstrahiranoga mineralnog koncentrata iz rudne mase s pripadajućim spojevima. Dobiveni rezultati proračuna pokazali 
su promjenu volumena ekstrahiranih minerala iz stijenske mase ovisno o količini radnoga agensa, volumenu oprane rude 
i brzini cijeđenja otapala. Rezultati istraživanja mogu se koristiti u rudarskim pogonima za ekstrakciju polimetalnih ruda 
podzemnim pranjem. Također omogućuju preliminarnu procjenu ekonomskih izazova kod eksploatacije rudnih rezervi.

Ključne riječi:
teorem sličnosti, P-teorem, uranijeva ruda, stijenska masa, model ispiranja, koncentrat
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